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Abstract: This paper is concerned with the eventually periodicity of the following

max-type difference equation system

ITn+1 — Max s Tn—2 ¢,
ITnYn—1

{ 5 }
Yn+1 = IMax yYn—2 ¢,
YnTn—1

where n € N, A € R, and the initial values x_2,x_1,x0,Yy—2,y—1,Yyo are

arbitrary non-zero numbers.
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1 Introduction

Difference equations are pervasive in mathematics and understanding the behaviour of such
equations gives insight to many interesting problems, see Din et al. (2012), Elsayed et al.
(2013), Elsayed and Eleissawy(2012) and Ibrahim andTouafek (2014). Max-type difference
equations, which appeared for the first time in control theory, have attracted extensively
attention recently (Qin et al., 2012; Xiao and Shi, 2013; Touafek and Haddad, 2015; Yazlik
et al., 2015; Ibrahim and Touafek, 2014; Ibrahim, 2016). Ibrahim (2016) examined the
periodicity and formularisation of the solutions for a system of semi-max-type difference
equations of second order in the form

Ap
Tp41 = Max rvxn—l >
n—1

n

Yn+1 :mln{x ,yn—l}a (1)
n—1

where n € No, Ng = NU {0}, (A5)nen,, (Bn)nen, are two-periodic positive sequences,
and initial values zg, x_1, Yo, y—1 € (0, + oco). Williams (2016) has investigated the
general solutions and periodic solutions of the following max-type difference equation
system

9 A
Tnp+1 = Max yn717 )

Yn—1
A
Yn4+1 = Max {xila } 9 (2)

Tn—1

wheren € Ng, x_1 = a,y_1 = 8,29 = A and yg = p are constants and A > 0.
In this paper, we study the eventually periodicity of the following max-type difference
equation system

A
Tp41 = Max Tn—2 ¢,

)
TnYn—1

A
Yn+1 = max{y - 7yn—2}7 3)

where n € N, A € R\ {0}, and the initial values x_o,z_1, ¢, y_2,y—1, Yo are arbitrary
non-zero numbers.
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2 Preliminaries
Firstly, we give two definitions.

Definition 1: The sequence {z,,,y,},.._, is eventually periodic with period p if there is
anng € {—k, ---, —1,0, 1, ---} such that for all n > n,

Tntp = Tny, Yndp = Yn-

Definition 2: The sequence {z,,,y,} ., is eventually positive (negative) if there is an
no € {—k, ---, —1,0, 1, ---} such that for all n > ny,

xn > (<)0, yn > (<)0.
In order to get the eventually periodic solutions of (3), the following lemma is needed.

Lemma 1: Assume that {,,, Y}, _, is a solution of (3) and there is kg € No U {—2, —1}
such that

Lhko = Tho+35 Lho+1 = Tho+4) Lko+2 = Lko+5, 4)
Yko = Yko+3s Yko+1 = Yko+4s Yko+2 = Yko+5s &)
then this solution is eventually periodic with period three.
Proof: To prove this lemma, we just need to prove that the following equations are true.
Thky = Tho+3ms Tho+l = Tho+143ms LTho+2 = Tho+2+3m, (6)
Yko = Yko+3ms Yko+1 = Yko+143ms Yko+2 = Yko+2+3m, )

for every m € N.
We use the method of induction. For m = 1, (6) and (7) become (4) and (5), so the
result holds. Assume that (4) and (5) hold for 1 < m < my, by using (3)-(7), we have

A

Tko+3mo+2Yko+3mo+1

$k0+3(m0+1) = max { 7:Ekrg+3mo}

A
= max {,xko = Tho+3 = Thos
Tho+2Yko+1
A
Yko+3(mo+1) = max s Yko+3mo
Yko+3mo+2Tko+3mo+1
A
= Imax s Yko = Yko+3 = Yk
yk‘()+2xko+1
A
Tho+1+43(mo+1) = MAX 1 Lho+3mo+1
Tko+3mo+3Yko+3mo+2
A
=maxy — s Tio+1 ¢ = Tho+4 = Tho+1,
Lko+3Yko+2
A
Yko+143(mo+1) — mMax » Yko4+-3mo+1
Yko+3mo+3Tko+3mo+2
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Il
=

ax ,Z/koﬂ} = Yko+4 = Yko+1,
yk0+3$k0+2

Tho+24+3(mo+1) = MaAX Iko+3mo+2}

T, +3m0 +4Yko+3mo+3

Yko+243(mo+1) = MaX

= maX{ £k0+2} = $k0+4 = xk0+27
$k0+4yko+5

» Yko+3mo+2 }
Yko+3mo+4Tko+3mo-+3

= max {, yko+2} = Yko+4 = Yko+2-
Yko+4Tko+3

For the sake of argument, we will give the initial values for three different situations as the
following.

(H1) All of the initials values x_o,x_1, X0, y—2,y—1, Yo are negative;
(H2) All of the initials values x_o,z_1, Zo, y—2,Y—1, Yo are positive;
(H3) At least one of the initials values z_o,2_1, Zo, Y—2,Y—1, Yo

is greater than zero and at least one of the initial values is less than zero.

3 Periodic solutions of (3) for the case A > 0

In this section, we will discuss the eventually periodic solutions of (3) for the case A > 0.

Theorem 1: Suppose that A > 0 and the initial values ©_o,x_1,Tq,Y_2,Y_1, Yo Satisfy
(H1), then every solution of (3) is eventually periodic with period 3.

Proof: Since A >0andx_s,2_1,%0,Y—2,Y—1,%0 < 0, then

e R G
I1 = max yL—2 ¢ = ; Y1 = 1max Y20 = .
ZoY-1 ToY-1 Yor -1 Yor -1

(D Suppose that zgy_1 > yor_1, and

@) If 2 > 1, then
Yo
T2 = max{%vxq} =21, Y2 = max{W;,yﬂ} = %§
Yo Zo xo

T3y—1
x3 = max {yo, Zo} = Yo, Y3 = maX{i,yo} = Yo;
Yo -1
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{ ToA A } oA { A A } A
T4 = Max = , Y4 = max —

2 ) 2 ) 5
Y5T_1 Toy—1 YoT—1 YoTr—1 YoT-1 Yor—1

0L —1 0T—1 0ZL—1 0ZL—1
Ts — max L,:E_l = Y , Ys = Mmax4§xr—i, L = Y ;
X0 To Zo Zo

xz¢ = max {xo, Yo} = Yo, ¥s = max{yo,Yo} = Yo;
{ .ItoA CE()A } IoA { CCoA A } :I'QA
7 = max = 5} , Y7 = max — .
1

b) b b
yar—1 ydr_1 Yer—1 yoxr_1 YaT_1

0T—-1 YoT-1 0T -1 0T—-1 YoT-1 0T -1
T3 = max L 7y _ ¥ , Ys = max Y 7y =¥ ;
X0 xo xo Zo xo Zo

®9 = max {yo, Yo} = Yo, Yo = max{yo,yo} = yo;
oA  xmoA } oA

2 [ = 5 , Y10 = max
YoZT-1 YoT-1 YoT -1

oA  xoA } ToA

10 = Max — .
{ Yor—1’ Ygr—1 Ygr—1
Hence 25 = y5 = 23 = ys, T6 = Y6 = Tg9 = Yo, T7 = Y7 = T10 = Y10, by Lemma 1 and

induction method, the solution is eventually periodic with period three as the following

7 _ Yoxr—1 . o _ B ToA B
T3n—1 = Y3n—1 = ; T3n = Y3n = Y05 T3+l = Ysnrl = 35— N =2,3,....
Zo YoT-1

(i) If 0 < 22 < 1, and

2
(a) 22%=2 < yyo, then

YoTr—1 —

xgy_l
x3 = max {yo, To} = To, Y3 = max Y0 ¢ = Yo3
Yor—-1

{ A A } A { A A } A
T4 = mMax ’ = , Y4 = IMax s = ;
YoT—-1 ToY-1 YoT—-1 Yor—-1 YoT—1 Yo -1

_ _ _ Yor—1 YoT—-1 | _ YoT—1
s =max{r_1,x_1} =x_1, Y5 = max , = :
Zo Zo Zo

re = max {yo, To} = To, Y6 = Max{xo,Yo} = Zo;

{ A A } A { A A } A
7 = max = , Y7 = max —

) b ;
YoT—-1 YoT-1 Yor—-1 ZoX-1 YoT-1 ToT—1

YoT—1 Yo -1
Tg = max yL—1 ¢ = T—1, Yg =Max§T-1, = T-1;
Zo

Zo
T9 = Inax {Eoyfﬁo} = Tp, Y9 = max {y07x0} = T0;
A A } A

A A A
, = = max
ToT_1 YoT_1 vor_y 1

Tox -1 ’

10 — Imax s
Tox -1 ToT—-1
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vy =max{r_ 1,z 1} =21, Yy =max{r 1, 1} = _1;
T12 = maX{%@o} = 2o, Y12 = max {170,2130} = Zo;
A A } A

ToxX -1 ’ ToxX -1

{ { A A } A
T13 = Imax , Y13 = max =

ToT_1 ToT_1 ToT_1 ToT_1

Hence s =ys =211 =y11, Z9=yYo==T12="y12, &L10= Y10 =213 ="Y13, Dby
Lemma 1, the solution is eventually periodic with period three as the following

A

T3n—1 = Y3n—1 = T—-1; T3n = Y3n = 205 T3n+1 = Y3n4+1 = —
ToT 1

(b) BY=1 > 4. then

Yox—1

2 2
ToY—1 _ ToY-1,

I - )
Yo -1 Yo -1

{ A A } A { yA A } Yo A
Tr4 = max N = , Y4 = max ) , — 5 ;
YoT—1 ToY—1 Yo —1 T5Y—1 YoT—1 ToY—1

2.2
YoT-1 ToY-1 Yox-1 ToYy-1
yT—1 ¢ = T—1, Y5 = Max = )

x3 = max {yo, Lo} = To, Y3 = max{

s = max s
Yo Zo Yo

2 2 2 2
ToY—1 YoT-1 ToY-1 Yo -1

, Lo ¢ = o, Y6 = MMax ) = B
ToY—1 YoT-—1 ToY—1

X7 = max{ yOA A } = yoA , Yr = maX{xoy_lA yOA } = on—lA;

Tg = max

2 ) 2 2.2 .2 2.2
TEY-1" Yox—1 TiY-1 YoT—1 TpY-1 YoL—q

3,2

2 2 2 2
ToY—-1 YoTr—1 Toy-1 YoT-1
T_1p=2T-1, Ys = max v v =

0Y-1 0

Y
2 4.2 2 2
YoT—1 _ _ ToY=1 YoT-1 | _ YoT-1,
» Lo ¢ = Zo, Y9 = mMax 3 92 -
YoT—1 ToY-1

Ts = max

’ 2 ’
0T—1 ToY-1

)
ZToY-1 ZToY-1

Toy—14  yoA Toy-14 Toy-14 woy-14 Toy-14
T10 = max 2.2 2 = T3 5 » Yo =max 2.2 0 .3 2 =323
Yoxr=—1 TpY-1 Yor—1 Yor—1  YoTZy Yox—1
2.2 2.2 2 2
YoT_1 YoT_1 YoT—1
211 = max{x_1,T-1} =2x_1, Y11 = max 5 5 = ;
ToY—-1 TpY-1 TpY—1

2 2
YoT—1 Yor-1 .
o = o, Y12 = mMax4 Zo, = Zo;

ToY-1

o l’oy_lA Jfoy_lA _ Jfoy_lA A l’oy_1A _ A
max 2.2 0 .2 2 =33 )

Yoxr=1 YT, Yox=1 Tol-1  Yoly

2.2 2.2
_ YoT -1 _ _ YoT—-1 | _ .
14 = Max 2 , L—1 =x-1, Y14 = MaX§{T-1, 2 = T-1;
ToY-1 ToY-1

8
©
\
=
"
—

, Y13 = max = 5
o -1

2
YoT-1 .

z15 = max {xo, To} = To, Y15 = max ﬁ,xo = Zo;
0Y—1

{ A ;roy_lA} A { A A } A
16 =— Max = , Y16 = mMax =

) 2.2 ) ;
o -1 yox_l o -1 o -1 T -1 ol -1

17 =max{r_1,5-1} = T_1, Y17 = max{T_1, -1} = T_1;

18 = max {xo,To} = To, Y18 = max{xo,To} = xo;

{ A A } A { A A } A
19 — Mmax = , Y19 = max =

ToT_1 TOT_1 ToT_1 ToT_1 TOT_1 ToT_1

n=3.4,....
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Hence z14 =y14 = 17 = Y17, 15 = Y15 = T18 = Y18, Z16 = Y16 = T19 = Y19, by
Lemma 1, the solution is eventually periodic with period three as the following

A

.%01',17

T3n—1 = Y3n—1 = T_1; T3n = Y3n = T0; T3n+l = Y3nt+l = n=2>5,6,....

(II) Suppose that zoy_; < yox—_1, the proof is similar to case 1, so we just give the result.

G) If % > 1, and

2
(@) xzg > ggz: , then the solution is eventually periodic with period three as the following

A
YoY-1 ’

T3n—1=Y3n-1 = Y15 T3n = Y3n = Y0; T3n+l = Y3nil = n=23,4,....

2
®)xg < zz:: , then the solution is eventually periodic with period three as the following

A
Yoy—1’

T3n—1 = Y3n—1 = Y—1; T3n = Y3n = Y05 T3n+1l = Y3nt+1 = n=25,6,....

) If0 < Z—g < 1, then the solution is eventually periodic with period three as the following

_ _ ZoY-1 . o _ _ Yo A
T3n—1 = Y3n—1 = y L3n = Y3n = T0o; T3n+l = Y3n+l = 5
Yo LoY-1

, n=2,3,....

Remark 1: A > 0 and (H1) imply that every solution of (3) is eventually sign-changing.

Theorem 2: Suppose that A > 0 and the initial values x_o,x_1,Tq,Y_2,Y_1, Yo Satisfy
(H2), then every solution of (3) is eventually periodic with period three.

Proof: As in the proof of Theorem 1, there are several cases which should be discussed
because of the maximum property in system (3). While due to the similarity of the proof
and the space limitations, here we just show the results of some cases.

(I) Assume that y_o > 4 > _4 > x_o, and

— YoT-1 — ToY-1

It % > 1, then the solution is eventually periodic with period three as the following

A ToY-1
I3n—2 = ——5 T3n—-1 = ; X3n = L0y Y3n—2 = Y-25 Y3n—1 = Y-1;
ZToY—-1 Yo

Y3n = Zo, n=12,....

) Ifo < < 1, and

@z > ﬁg_?, then the solution is eventually periodic with period three as the following
A . LoY-1 . .
T3n—2 = ; T3n—1 = 5 T3n = To;
LoY-1 Yo

Y3n—2 = Y-25 Y3n—1=Y-1; Ysn =Y, n=1,2,....
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b)xg < — boA , then the solution is eventually periodic with period three as the followin
ToY—-1Y—-2 y p p g

A . LoY-1 Yo A .
T3n—2 = ; T3n—1 = ; L3n = 5
oY1 Yo ToYy—-1Y-2

Ysn—2 = Y-25 Ysn—1 =Y—1; Ysn =Yo, n=1,2,....

(I) Assume that —4— > —4 >4, >y _, and

Yor—1 — ToY-1 —

@ If % > 1, then the solution is eventually periodic with period three as the following

_ A _ Toy-1, o
-7;37172 - ) 'r?)nfl - b) xS’I’L - m07
ToY—1 Yo
A
Y3n—2 = ——; Y3n—1=Y—1; Y3n =To, n=1,2,....
Yo —1

.. "
) Ifo < y—g < 1,and

2 €T . . . . . . .
(a) zg > %, then the solution is eventually periodic with period three as the following

A ToY—1
L3n—2 = —; L3n-1 = ; T3n = To;
ToY-1 Yo
A
Yan—2 = — Ysn—1 =Y—1; Y3n =Yo, n=1,2,....
Yo -1
2
®)zo < y“‘r‘lA, then the solution is eventually periodic with period three as the following
ToY—-1
A 2
. ToY—1. Yor-1
T3n—2 = — 5 T3n—-1—= 5 IT3n = 3
ToY-1 Yo ZToY—1
A
Ysn—2 = ——3 Ysn—1=Y-1; Ysn =Yo, n=1,2,....
YoT -1

Remark 2: A > 0 and (H2) imply that every solution of (3) is positive.

Theorem 3: Suppose that A > 0 and the initial values ©_o,x_1,xg,Y—2,Y—1, Yo Satisfy
(H3), then every solution of (3) is eventually periodic with period three.

Proof: () suppose that z_1,y_o > 0, x_o, 29, y—1, Yo < 0, then

G2} = e
Ir1 = max T_9 p = , Y1 = max Y—2 ¢ = Y-2;

) )
ZToY—-1 ToY—-1 YoT -1

() if —4— > y_1, then

Y—2x0 —

LoY-1
Tog =MaxXy ——,T_1 0 =T_-1, Yz = Mmax

} A
Y-1p = ;
Yo y—zxo’ y—zxo’
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2
(a) 2222 > 4, we have

A TY-_1Y—2 TFY-_1y—2
Top = ——, Y3 = max{ ———>— = s ==
0} -T—ly—27 Y3 X{ A > Yo A 3

y32x_1xo A A A?
A ) = ’ y4 = max 2 7y*2 = y*Q;
ToY—-1 ToyYy-1 ToY—-1Y—2T -1

A
,L—1 =T-1, Ys =MmMax4§xr-i, = T-1;
ToY—2 Y—2%o

e = max{ A A } = A , Y6 — Max { Toy—1 xgy_ly_Q } = xoy_l;

Ts = max

b b
To1Y-2 T_1Y—2 T_1Y—2 z_1 A r_1

A A
T7 = max | Y-2, =Y-2, Y7 = max yY—2 ¢ = Y-2;
ToY—-1 ToY-1

xflA

Ts = max ,xfl}:xfl, ys = max{r_1,T_1} = x_1;

T9 = max

A A } A {
= , Yo = max 5

A Toy—1 | _ Toy-1,
bl b -
T_1y—2 T_1Y—2 T_1Y—2 T_1y—2 T_1 T_1

A
T10 = max {y72,y72} = Y-2, Yo = Max yY—2 ¢ = Y-2;
ToY-1

Hence x5 = xs, &6 = 29, T7 =10, Y5 =Ys, Y6 = Yo, Y7 = Y10, by Lemma 1, the
solution is eventually periodic with period three as the following

A
T3n—1 =T-1; T3n = 5 L3n4+1 = Y-2;
T-1Y-2
. Toy—1
Ysn—1 =T-13 Ysn = T YUsn4l = Y2, M= 2,3,....
-1

2
(b) Zo¥=19=2 < 4, the results are the same as (a).

(i) if —2— < y_4, then

Y—2Zo —

(o) {m)
Tog =mMaxXq —,T_1 ¢ =T_1, Y2 =MmMax yY-1 ¢ = Y-1;
Yo Y—2%o

(a) g > yo, we have

A

(=)
Tz =max{ ———,To p = ———, Y3 = max {Zo, Yo} = To;
T—_1Y-2 T—-1Y-2

{Jl_l’y_g A } A { A }

T4 = Mmax 5 = , Y4 = max ,Y—2 = y_o;
Y—1  ToY—1 ToY—1 ToT_1

z5 =max{y-1,z-1} =r-1, Y5 = max{r_1,y-1} =z_1;

B { A A }7 A _ {xqu }71301171
Te = Max = , Ye =Mmaxq ——,To 0 = 5

b
T-1Y-2 T-1Y-2 T-1Y-2 -1 T—1

o} = 7 T
T7 = mMax § Yy-2, = , Y7 = max Y—2 =

) 5
ToYy-1 ToYy-1 ToYy-1 Toy-1

TOT-1Y—1Y—2 )
zs =max{x_1,T-1} = x_1, Yys = max f,x_l =r_q;
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ToY—-1 A } o A

b
-1 T-1Y-2 T-1Y-2

{ A } A { A A } A
10 = mMax< y—2, = —, Y10 = max =

s )
ToY-1 Toy-1 ToYy—-1 TolY-1 ToYy-1

ToYy—1 ToY-1 | _ ToY-1
T_q ’ T—1 -1 '

xgzmax{ , ygzmax{

Hence x5 = xs, w6 = 9, 7 = Z10, Y5 =Ys, Y6 = Yo, Y7 = Y10, by Lemma I, the
solution is eventually periodic with period three as the following

A A
I3n—1 = T—-1; T3n = 5 L3nyl = ;
T_1Y—-2 ZToY—-1
o ToY-1, _ A4 _
Y3n—1 = T—1; Y3n = 5 Y3ngl = , n=2,3,....
xr—1 ZoY-1

(b) ¢ < yo, the results are the same as (a).

(II) Suppose that yg > 0,z_9,2_1, g, y—2,y—1 < 0, and

() if —4— > y_o, then

Yor—1 —
A A A A
Ip = max yL—2 ¢ = ; Y1 = 1nax yY-2 0 = ;
ToY-1 ZoY-1 Yor—-1 Yor -1
_ ToY—1 _ ZoY-1 - Yo —1 _ YoT—1
T =maxy ————,T_1 = ———, Yz =Mmax YyY-1p = ;
Yo Yo Zo Zo
ygac_l
(a) 22— > x(, we have
ToY-—1
2 2 2 2
YoT-1 YoT-1 LToY—1 ToY-1
T3 = max , L0 = ——, Ys=max<qy — Yo =
ToYy—1 ToY—1 YoT—1 Yoxr—1
x%y_lA A A ygm_lA A y(z)x_lA.
T4 = max 35 = , Y4 = max 5 ==
Yo,  TolY-— Toy—1 ToY~1 Yox-1 ToY~1
4.3
YoT—1 ToY—1 ToY—1 ToY—1 YoT-1 Yox 1
s = max R = , Y5 = max T3 = ;
To Yo 2o YoTZ, To To

Loy wﬁy—l} _xfya

C yor—1’
yor1A yor 1A\ _ ygr 1A,
x8y2—1 ' mgyzl }_ x8y2—1 ’

ToY—-1 YoT—1 } _ Toy—1.

{
{ 1
S

po = max { 002 Mo | S s
{ }
{ }
{

Tg = max , , Ys = max , ;
o Yo Yo Yo Zo Yo
2 2 2 2 2
ToY-1 THY—1 ToY-1 LoY-1 Toy-1
g9 = max s = , Yo = Mmaxq Yo, ——— = —;
Yoxr—1 Yo -1 Yox -1 Yox—1 Yoxr—1
2 2 2 2
yor—1A A A Yor—1A ysr_1A Yor_1A
T10 = max 3,2 = » Y10 = max 3.2 ) 3 2 =" 332
ToY—1 ToY-1 ToY—1 ToY~1 ToY—1 ToY=1

11 = max { yox71’ Toy-1 } — xoy,l’ Y11 = max { ZoY—1 ’ ToY—1 } _ xoy—1;
Zo Yo Yo Yo Yo Yo
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Hence z¢ = z9, z7 = 210, T8 = T11, Y6 = Y9, Y7 = Y10, Yo = Y11, by Lemma 1, the
solution is eventually periodic with period three as the following

xqy_1. A ToY—1
L3n = — 5 T3n+1 = 5 T3n42 = ;
Yo —1 ZToY—-1 Yo
2 2
_ThY—1, _ Ygra A _ ToY-1 _o3
Ysn = ) y3n+1_T7 Y3an42 = y M= 4,9,....
Yo -1 ToY—_q Yo

2
(b) LI=1 < 2, we have
ZoY—1

2 2
- Yo -1 N - ZToY—-1 o
I3 = max y Lo ¢ = Lo, Y3 = max yYo ¢ = Yo;

ZToY—-1 Yo -1
A A } A { A A } A
) = , Y4 = max ) - 5
YoT—-1 ToY-1 ZToY—-1 ZoY-1 YoT-1 ZoY-1
ZToY—-1 ToY-1 _ ZoY—1 Yor -1 _ Yol —1
i) i) ’

Yo ' Yo Yo

Ty = max{

5 = maX{ y Ys = max{y—lv

2
ToY—1
xe = max {yo, To} = Yo, y6=maX{ 7yo} = Yo;
Yol —1
ToA A } A A A } A

P} ) = y Y1 = max{ ) )
YoT-1 ToY-1 ZToY-1 ToY-1 ToY-1 ToY—-1

_ {$0y1 $0y1} _ ToY-1 o {3303/1 Yo —1 } _ YoT—-1
Tg = max , = , Ys = max , = ;
Yo Yo Yo Yo o Zo

T7 = max{

2
ToY—1

x9 = max {Y0, %} = Yo, ygzmax{ ,yo} = Y0;
YoT -1

Hence x4 = 7, x5 = x5, Tg = X9, Y4 = Y7, Y5 = Ys, Y6 = Yo, by Lemma 1, the solution
is eventually periodic with period three as the following

T _ 4 P T —$0y_1'x = Yo;
3n4+1 = ——; T3n+2 = — ' T3n+3 = Yo;
i ZToY—-1 nr Yo mr
_ A _ Yor—1, _ _
Y3nfl = ——; Y3ni2 = i Ysn+s =Y, n=1,2,....
ZToY-1
.o . A
(i1) if v < y_o, then
{ ) } . { : }
r1 = max ,T_g p = ——, Y] = mMax JY—2 p = Y_2;
ZToY—-1 ToY-1 Yor -1
B {960211 } _ ToyY-1 B { A } A
Tog =mMaxqy ————,T—-1 - , Y2 = Imax s Y—1 - )
Yo Yo Y—2%0 Y—2%0

(a) _ %A > o0 we have
ToY—-1Y-2

Yo A } Yo A wdy-1y-» 0} _ %by-1y-2

I3 = max , Lo ¢ = , Y3 = max 3
{xoy_1y_2 ToY—-1Y—2 Y { A A



12 H. Ma and H. Wang

A A A? A2
x4=max{x0y 1y 2 }: , y4=max{3y077y—2}=y07'

oA  Toy_1 ToY—1 %yalyﬂ $8y2—1y*27
4 3 2
_ 2y A A
Toy—2’ Yo YgA Y—2To Y—2To
_1y— A 2y_11y—
mgzmax{moy 1Y 27 Yo }:moy 1Y 27
A ToY—1Y—2 A
TY-1y-2 TEY-1y-2 TqY-1y-—2
Yo = max{ A s A } = A )
A A yoA? yo A yoA?
T7 = max , = y Y7 =1Max 4 —s— ) 73,2 = 3.2 )
ToY—1 ToY—1 ToY-1 ToY~1Y-2 ToYy—1Y-2 ToY~1Y—2

A _ - - A _
.’L‘g:maX{ I0y1}:$oy 17 ygzmax{xoyl }:xoyl;

Toy—2" Yo Yo Yo ToY-2 Yo
2 2 2
_ ToY—-1Y—2 ToY-1Y-2 | _ ToY-1Y-2
To max{ 1 , 1 } " ,
Thy-1y—2 | _ T3y-1y-2
Y9 = max g Yo, A = ) ;
y0A2 A A
10 =— max 3 o s = s
ToY_1Y—2 ToyY-1 ToY—1
2 2 2
YoA Yo A 0 A
ylo:max{ 3.2 ) }: 3y2 )
ToY~1Y—2 LY~ Y2 ToY~1Y—2

A _ _ _ _ _
ToYy—2 Yo Yo Yo Yo Yo

Hence z¢ = w9, =7 = T10, T8 = T11, Y6 = Y9, Y7 = Y10, Ys = Y11, by Lemma 1, the
solution is eventually periodic with period three as the following

_ ToY-1y-2, _ A _ Ty,
T3n = A y T3n+4+1 = Toy 17 T3n42 = Yo )
2 2
TGY-1Y—2 Yo A oY1
Yan =~ Ysnt1 = 35— Yani2 = , =23,
n A " w3ytiy—s " Yo

(b) —%A < 4, we have

ToY—1Y—2
_ { Yo A } _ -~ {zﬁy_ly_z } 7
Tz =maxq ———, g = Lo, Y3 =mMaxy ———, %Yo ¢ = Yo;
ZToY—-1Y-—2 A
i (-
T4 = max{ Y_o2, = » Y4 = max yY-2 ¢ = ;
ToY—-1 ZToY-1 ZToY-1 ZToY-1
Tol— _ _ A A
x5=max{ 0y1,$0y1}2x0y17 y5:max{y1, }Z )
Yo Yo Yo Y—2Xo Y—2Zo

2
ToY—1Y—2
T6 = max {yo, o} = Yo, Y6 maX{OyAyWO} = Yo;

I7 = max ) y Yr = max ) )
Yo ZoY—-1 ZToY—1 ZoY—-1 TolY-1 ZoY—-1

ToY—1 xoy—l} ToY—1 roy—1 A } A

y = , Ys = max{ ’ 5
Yo Yo Yo Yo  ToY-2 ToY-2

Ty = max{
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_ _ _ T3Y_1y—2 -
z9 = max {Yo, Yo} = Yo, Y9 = max T,yo = Yo;

Hence x4 = x7, x5 = xs, X6 = X9, Y4 = Y7, Y5 = Ys, Y = Yo, by Lemma 1, the solution
is eventually periodic with period three as the following

B A . _ ToY-1 o
T3n+1 = ;o T3n42 = 3 T3n4+3 = Yo;
ZoY-1 Yo
A A
Y3n+1 = i Ysny2 = i Ysnesz =Y, n=1,2,....
ZoY—-1 ZToY—-2

(IIT) Suppose that x_1, xg,y—1 > 0, x_2,y—2,y0 < 0, and

(i) if 52— > y_o, then

Ir1 = max , L9 = —, Y1 = Inax s Y—2 = 3
ToY-1 ToY—-1 YoT -1 YoT -1

ToY—1 Yo -1
T2 = max{,xl} =T-1, Y2 = maX{J/l} =Y-1;
Yo Zo

I3 = max {y()vx()} = Zo, Y3 = max{xo,yo} = Zo;
A A } A {
y = , Y4 = mMax
ZToY—-1 ToY-1 ZToY—-1

A A } A
Tox_1 Yo -1 Tor_1’

Ty = max{
(@) x—1 > y—1, we have

T5 = max {y—lyf—l} =x-1, Ys = maX{fE—hy—l} =T_1;

TolY—-1
re = max {xg, Lo} = To, Y6 = maX{ 7 ,fo} = Zo;
A A } A A A } A
Tor_1’ ZToY—-1 ZToY-1
rg =max{y 1,1} =T 1, yg =max{r_1,r 1} =T_1;

mzmax{ , y7:max{

ToT_1 ToT_1 ToT_1

Hence 3 = xg, x4 = x7, x5 = X3, Y3 = Y6, Y4 = Y7, Y5 = Ys, by Lemma 1, the solution
is eventually periodic with period three as the following

A
T3n = L0; T3n+1 = ; T3n42 = T—1;
ZToY—-1
A
Y3n = T0; Y3n+l = ——; Ysni2 =2_1, n=1,2,....
ToL 1

®)x_1 <y_1, we have

T5 = max {y—hx—l} =Y-1, Ys = max {$—1,y—1} =Y-1;

ToxX 1
ﬂﬁezmax{ 7330} =20, Y¢ = max{zo,To} = To;
Y-
{ A A } A { A A } A
T7 = max ) = , Y7 = max , = ;
ToY-1 ToY-1 ToY-1 ToY—-1 ToT-1 ToT -1

g = max {y—hy—l} =Y-1, Ys = max {967173/—1} =Y-1;
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Hence 3 = xg, x4 = x7, x5 = X8, Y3 = Y6, Y4 = Y7, Y5 = Ys, by Lemma 1, the solution
is eventually periodic with period three as the following

A
T3n = L0; L3n+1 = — 5 L3n+2 = Y—1;
ToY-1
A
Y3n = T05 Y3n+1 = D Ysn2 =Y-1, n=1,2,....
ToT 1
(i) if yofil < y_o, the results are the same as (i). We omit other cases since they are similar

in proof of induction.

Remark 3: A > 0and (H3) imply that (3) could have either eventually positive or eventually
negative or eventually sign-changing solutions.

4 Periodic solutions of (3) for the case A < 0

In this section, we will discuss the eventually periodic solutions of (3) for the case A < 0.

Theorem 4: Suppose that A < 0 and the initial values x_o,x_1,Tq, Y—2,Y—1, Yo Satisfy
(H1), then every solution of (3) is eventually periodic with period three.

Proof: Since A <0 and x_9,2_1,20,Y—2,Y—1,Y0 < 0, by the induction and iterative
method, we can obtain that z.,, i, < 0foreveryn € N.Welet B = —A, u, = —x,, v, =
—1Yn, then (3) becomes

Up41 = Min s Un—2 ¢,
UnUn—1

B
Upt1 = min{ ,vn_g} , (8)

UplUn—1

where u,,v, > 0forn =—-2,—-1,0,....

Now in order to prove the theorem, we only need to prove that the solutions of (8) are
eventually periodic with period three. Similarly as in the proof of Theorem 1, considering
the limit length of the paper, we shall go with the following one case, other cases can be

treated similarly. Assume that - B >4 o >u_y > —2— then we have
ov_1 VoU-—1

. B . B B
U1 = min s U—2 ¢ = U—2, V1 = ININ ,V—2 0 = H
UpV_-1 VoU_-1 VoU—1
. B B . VoU -1
Ug = IMIn ,U—1 ¢ = , Vg =mMIny —,V_1 p = V_1,
U_2V9 uU—_2v9 Ug

@) IfZ—;’ > 1, and

2
(a) ug > 252, then

. vgu_lu_g v%u_lu_g . B
Uz =miny ——— ug p = —————, vz =Mmins ———, vy ¢ = Vp;
B B V_1U_2
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) ) A
Ug=MINy —5—,U_92 ¢ = U_2, Vg =ININ § U_2, =

US’U_lu_lU_Q’ VolU—-1 VoU—-1 '

. B B B ) B
U5 = IMin y = , Us =Ny —,V_1 p = V_1;
U_2Vg U—_2Yg

uU—_2Yg U_QUQ7
2 2 2
Ug = min Yot-1t-2 You-1t-2 | _ Yol-1t-2 Vg = min B Vo =0
6 = = 6 = —, Vo ¢ = Vo.
B ’ B B ’ ’U_1’u_2’

Hence uy = uyq, us = us, ug = ug, v1 = v4, V2 = V5, V3 = Vg, by Lemma 1, the solution
is eventually periodic with period three as the following

B vgu_lu_2 B

U3p—2 = U—-2; U3pn—-1 = Uzn = B ;o U3dn—2 =

U_2vV ' VoU—-1 '

U3n—1 = U—1; Usn =79, N =1,2,....
i.e.

B ) _ y%x_lx_g' _ B )
; L3n = ;v Ysn—2 = )
T_2Yo B YoT_1

Y3n—1=Y-1; Y3n =Y, n=1,2,....

T3n—2 = T—-2; T3n—-1 =

2
(b) ug < %, then

. v%u,lu,g . B
Uz =MINy ————,Uy ¢, = Up, V3=MIN§ —,Yy ¢ = Vp;
B V_1U—-2

. . B B
Ug =IMIN§ —,U_2 =U_—2, Vg = 1IMIN  U_2, = N
UpV-1 Vol -1 VoU—-1

. B B B . VoU—-1
Us = mMin y = , Us =IINngy —,V_1 0 = V_1;
U_2Vp U_2Vp U_2vV (%)

. Ugu_lu_g . B
Ug = Min{ —— Uy p = Ug, Vg = Min§ — Vg ¢ = V-
B V_1U_2

Hence u; = uy, us = us, ug = ug, V1 = vy, V2 = vs5, U3 = Vg, by Lemma 1, the solution
is eventually periodic with period three as the following

B B
5 U3n = Uo; U3spn—2 =

UZn—2 = U—2; U3n—1 = N ﬁ;
—2v0 0U—1

U3n—1 = VU_1; U3p =V, N =1,2,....
ie.

B B
3 T3n = T05 Y3n—-2 =
T —2Y0

T3n—2 = T—-2; T3n—1 = = N
Yo -1
Y3n—1 =Y—1; Y3n =Y, n=1,2,....

) If0 < Z—g < 1, and
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B
(a) Vo Z v u 3’ then

V2U_1U_o . B B
0 _ _ _ .
, U ¢ = Up, VU3 = 1NN yVo 0 = ;
B V_1U_9 V_1U_2

) { B } ) {vov_1u22 B } B
Ug =MDy —,U_2 ¢ = U_92, Vg4 = MmN =

u3 = min

UpV_-1 B ’ VoU—-1 UolL,l’
. B B . VoU—1
Us = IMIN § V_1, = , Us =IMINy —,V_1 ¢ = V_1;
uU_2v9 U_92vV9 Uug
. v%u_lu_g . B B B
U = IMIN § ————,Ug ¢ — Ug, Vg — MIN 5 = .
B V_1U_9 V_1U_2 V_1U_2

Hence vy = uyg, us = us, ug = ug, v1 = V4, V2 = U5, V3 = Vg, by Lemma 1, the solution
is eventually periodic with period three as the following

B
U3n—2 = U—2; Upn—1 = 5 U3n = UQ;
uU_2V9

B B

Usp—2 = ———} Usn—1 =U—1; Usn = ————, n=12---.
VoU—-1 V_1U_2
ie.
B
T3pn—2 = T_2; T3n—1 = —; T3n = Z0;
T—2Yo

B B

Ysn—2=———} Ysn—1=Y-1; Ysn=—"—, n=12,---
YoT -1 Y-1T-2
_B
(b) vy < Tu’ then

U(Q)’U,_lu_g . B

Uz =IMINy ——, Uy ¢ = Up, V3 =IMIN{ —, Yy ¢ = Vo,
B V_1U_2
. B . B B

Uy =MINy ———,U_9 ¢ = U_2, Vg =MINK U_29, = ;

UpV_-1 VolU—-1 VoU_—-1

. B B B . VoU—-1

U5 = min , = , Vs =ming ——,v_1 p = V_1;

U_2Vy U—_2Y9 uU_2V9 ()

. v%u_lu_g . B
Ug = Min —— Uy p = Uy, Vg = Ming ——— Vg ¢ = V-
B V_1U_2

Hence uy = uy, us = us, uz = ug, v1 = vy, V2 = V5, V3 = Vg, by Lemma 1, the solution
is periodic with period three as the following

B
U3n—2 = U-2; U3pn—1 = 5 U3p = Up;
uU_2v9
B
V3p—2 = ———; V3p_1 =V_1; U3p =g, N =1,2,-+-.

VoU—-1
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ie.
B
T3n—2 = T-2; T3n—-1 = 3 T3n = T0;
T—2Yo
B
Y3n—2 = P Y3n—1 =Y—1; Y3n =%, n=1,2,....
Yor—-1

Remark 4: A < 0 and (H1) imply that every solution of (3) is negative.

Theorem 5: Suppose that A < 0 and the initial values x_o,x_1,xo, Y—2,Y—1, Yo Satisfy
(H2), then every solution of (3) is periodic with period three.

Proof: Since A < Oand z_o,2_1,%0,Y—2,Y—1,Yyo > 0, then we have

o) e
Tr1 = max T_g ¢ =2T_2, Y1 = max Y—2 ¢ = Y-2;

ffoil/—l’ yoﬂhl’
T2 = max y -1 ¢ = T—1, Y2 = MaxX yY-1 ¢ = Y15
T —2Yo Y—2%o
A A
T3 = mmax y Lo ¢ = Lo, Y3 = INax »Yo0 ¢ = Yo,
T—-1Y—-2 Y-1T—2

from this and by induction we have z,,, ¥, > 0 for n € N. Hence by Lemma 1,

T3n—2 = T—-2; T3n—1 = T—1; T3n = L05; Y3n-2 = Y-2; Y3n—-1 = Y-1;
Ysn = Yo, n=1,2,....

Remark 5: A < 0 and (H2) imply that every solution of (3) is positive.

Theorem 6: Suppose that A < 0 and the initial values x_o,x_1,Tq,Y_2,Y_1, Yo Satisfy
(H3), then every solution of (3) is eventually periodic with period three.

Proof: Since there are many categories, we will discuss only four situations, other cases

can be treated similarly.
(D Suppose that g, yg > 0, x_9, _1, Y—2, y—1 < 0, then

{ ) } . { ; } ;
Ir1 = max , L9 = , Y1 = Mmax yY—2 = ;
ToY—-1 ToY-1 Yor -1 Yor -1

() if yox_1 > 20y—1, then

ToY-1 . Yor—1 Yol —1
Tog =MaXqq — L1 =T_1; Yo=MaxX§ —,Y-1 ¢ = .
Yo Zo Zo

(a) % > 1, and
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2
(al) yg > 20¥=1 e have
Y Yor—1

1’(2)21—1
r3 = max {yo, To} = To, Y3 = max » Yo ¢ = Yo
Yox—1
A A } A { A A } A
) = , Y4 = INax ) = ;
YoT—-1 ToY-1 YoT—-1 YoT-1 Yo -1

YoT—1
YoT-1 YoT—-1 ( _ Yox-1
ZTo ’

Ty = max{

x5 =max{r_j,r_1} =2_1, Yys = max ,
Zo T

Te = max {ymffo} = 2o, Y = Max {xoayo} = Zo;
{ A A } A { A A } A
Tr7 = Imax ) = , Y7 = max , = ;
YoT—-1 YoT-1 Yox -1 ToT-1 YoT-1 Yox -1
Yol —1 - 1} _ YT Yol —1 yox—l} _ YoT—1,

, Yg = max , ;
Zo To To Zo Zo

rg = max{

rg = max {To, To} = To, Yo = Max {xg,To} = To;
A A } A { A A } A

) = , Y10 = mMax ) = ;
YoT—-1 Yor-1 YoT -1 Yor—-1 Yor-1 YoT -1

Yor—1 y0901} _ YoT-1 _ {y0$1 y0901} YoT—1
= , Y11 = max = .

T11 = max ) )
o o o o o

10 — Max {

Hence x6 = y6 = 29 = Y9, ¥7 = y7 = Z10 = Y10, T8 = Ys = T11 = Y11, by Lemma I,
the solution is eventually periodic with period three as the following

o _ _ A YoT 1
T3n = Y3n = T0; T3nt+l = Y3nt1l = § T3n42 = Y3n42 , n=23,....
YoT -1 Zo

2
(a2) yo < ;007;—:, the result is the same as (al).

I _ _ A YoT -1
T3n = Y3n = T0} T3nt+1 = Y3ntl = ; T3n42 = Y342 = , n=2,3,....
YoT -1 Zo

®0o< z—g < 1, we have

1’(2)2/—1
r3 = max {yo, To} = Yo, Y3 = max Yo ¢ = Yo
1

Yo —

{ ToA A } A { A A } A
r4 = max 3 s = , Y4 = max R = ;
YoT—-1 ToY-1 TolY—-1 Yor—-1 YoT-1 Yox -1

ToY—1 YoT -1
maxq ——,T -1 ¢ =T—-1, Ys =IMax | T_1, = T_1;
Yo To

ToY—1 _ ToY-1
Yo ¢ = )
Tr—q 1

{ A A } A { A A } A
Ty = max = , Y7 = max =

b ) - ;
YoT—-1 ToY-1 Yor—-1 ZoY-1 YoT-1 YoT—-1

x5

Te = max {yo,yo} = Yo, Y6 = maX{

33_1} =x_1, ys =max{r_1,x_1} = T_q;
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ToY—-1 | _ ToY-1.
Tr_q ’

A A}A
Y

, .
ZToYy—-1 Yor-1 0L -1

Tg = max {ymyo} = Yo, Y9 = max {y()a
A A } A {
) = , Y10 = mMax
YoT-1 YoT-1 Yor—1

T_1

T10 = Imax {

Hence x5 = 23, & =9, T7 = 10, Y5 =Ys, Y6 = Y9, Y7 = Y10, by Lemma 1, the
solution is eventually periodic with period three as the following

_ . . _ ToY-1,
T3n—1 = Y3n—1 = T—-15; T3n = Y0; Y3n = - ;
~1
A
T3nt+1 = Y3nt+1 = , n=23,....
YoT—1

(i) if yor—1 < 20y—1, then

_ {moyl } _ ZoY—1, _ {Z/Oxl } —
Tog =maxy ——,T_1 0 = ;Y2 = max yY-1¢ = Y-1-
To

Yo Yo

(a) % > 1, we have

2
YoT-1 .
3 = max ” T ¢ = To, Y3 = max{xo, Yo} = To;

AA}_A Yo A A}A

) D) ) =
ToY-1 ToY-1 LoY-1 ToY-1 YoZ-1

_yox_f
ToY—-1 YoT -1
Ty = maxq Y-, v =Y-1, Ys=maxq ——,Y-1 0 = Y-1;
0

mzmax{ , y4=max{

Lo

Te = max{yox_l 7950} - ?Jox_l’ Y6 = max {xo,To} = To;
Y-1 Yy
A A } A A A } _ A )
xOy—l’ Yoxr -1 foy—f

) - s Y71 = max{
Yor—-1 ToY-1 oY1

Tr = max{

2
ToYy—_q

rg =max{y_1,y-1} = y_1, y8=maX{ ,y—l} =Y-1;
Yox -1

yo$—1} _ YoT—1

Y- Y-

A A } A {
) = , Y10 = mMax

Yor—-1 ToY-1 ToY-1

, Yo = max {xo,ﬂﬁo} = Zo;
A A } A

) = .
ToY—-1 ToY-1 ToY—1

g =— mMax {l‘o,

T = max{

Hence x5 = x3, = =9, T7 = Z10, Y5 =Ys, Y6 = Yo, Y7 = Y10, by Lemma 1, the
solution is eventually periodic with period three as the following

. YoT-1, .
T3n—1 = Y3n—-1 = Y-1; T3n = 5 Y3n = To;
Y-
A
T3n4+1 = Y3n41 = ) n:2737""
ToY—1

(b)0<§—2<1,and
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2
(bl) ¢ < LI=L we have
ToYy—-1

2 2
_ YoT-1 _ YT _ .
T3 = max Lo ¢ = , Y3 = max {.’E07y0} = Yo;

oA A } A A A } A
ZToY—-1 ZToY—-1 ’ YoT -1 ToY—-1 ’

B ToY—-1 ToY-1 | _ ToY-1 . ﬂﬂng_l _ .
T5 = max ) = y Y5 = 1max 2 Y-1¢ =Y-1;

T4 = mMax y y4max{

Yo Yo Yo YoL-1 ’
2

Yo -1
Yo, } =y0, Y6 = max{To,Yo} = Yo;
ToY-1
A A } B A A A } -~ A ]
yoyﬂ’ ZoY-1 ZToY—-1 ZToY—-1 ’ ToY-1 $0y71’
{xoy—1 xoy—1} ToY_1 {xoy—l } ToY—1
Trg = max 5 = , Ysg = Inax s Y—1 = 5
Yo Yo Yo Yo Yo
r9 = max {yo, Yo} = Yo, Yo = Max{yo, Yo} = Yo;

A A } _ A A A } _ A )
ﬂfoy—l’ ToY—1 ToY—1 330?}—1’ ToY—1 ToY—1 ’
ToY—1 $0y1} _ ToY-1 o {ICOZ/1 $0y1} _ ToY-1

= , Y11 = max = .

T11 = max { ) )
Yo Yo Yo Yo Yo

Tg = max

7 = max y y7—max{

10 = max{ , Y10 = max{

Hence 2z = ys6 = 29 = Y9, ¥7 = y7 = T10 = Y10, T8 = Ys = T11 = Y11, by Lemma 1,
the solution is eventually periodic with period three as the following

S _ _ A _ Toy-1 o _
T3n = Y3n = Y0} T3n+l = Y3nt+l = } T3n42 = Y3n42 , m=2,3,....
Toy—1 Yo

(b2) zg > Yoro1 the result is the same as (bl).

Toy—1’

P _ _ A _ _roy-1
T3n = Y3n = Y0; T3n+1 = Y3n4l = ; T3n42 = Y3ni2 = , n=2,3,....
ToY—1 Yo

(II) Suppose that zg > 0, x_2,2_1,Y—2,Y—1, Y0 < 0, and

() if yoffl > y_o, then

Ir1 = max , L9 —, Y1 = max ,Y—2 3
LoY-1 LoY-1 Yo -1 Yox -1

B {xoy_l } _ Toy-1 B {yox_l } Yo
Ty =max{ ——,T 1 0 = ;Yo =maxq Y 1= .
Yo Yo Zo Zo

2
(a) LoZ=1 > 2, we have
ZToY—1

2
ToY—1 } _ ToY-1

) - )
Yor—-1 Yor—-1

2 2
Yor—1 } Yor—1
0772 o b =

) , Y3 = max{
ZToY-1 ZToY-1

T3 = max{
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agy—1A A A ygr—1A A ygr—1A
3.2 = , Y4 = INax 3T 5 = =5
YoZXl1 ToY-1 ToY—1 TeY<,  YoT—1 x3y*,
Yor—-1 ToY-1 | _ YoT-1 _ 20y2 1 Yo _1 _ YoT—1
= , Y5 = mMax s = ;

) 4.2
Zo Yo Zo YoT_q Zo xo

T4 = max{

T5 = max{

4,2 2 2 2 2 2
ToY—1 YpT-1 Yox -1 LToY—1 LoY-1 TolY—1
max{ —s—5—, = , Y = max , = ;
YT, ToY-1 ZToY-1 YoT-1 YoT-1 Yo -1

gy A A A A yjrA ygr—1A
Ty =max{ —z—5—, = ;Y7 = max ' .33 = 3.2
YoT—1 ToY-1 ZoY-1 ToY-1  To¥Y~a ToY=1

4,3
7 YoT—-1 YoT-1 | _ YoT-1 . ToY—1 YoT-1 | _ YoT-1_
Irg = max y = , Ys = max 1.9 = 3
Zo Zo Zo Yor—q To Zo

L6

Hence x3 = xg, x4 = x7, x5 = X3, Y3 = Ys, Y4 = Y7, Y5 = Ys, by Lemma 1, the solution
is eventually periodic with period three as the following

y%ﬂcil, A . Yo —1
T3n = 5 T3n+l = 5 T3n+2 = )
TolY—1 ZToY-1 To
2 2
_ TpY-1 _ Yor1A, _ YorTo1
Ysn = y Y3n+1l = — 3 3 5 Ysnt2 = , n=12,....
YoT—-1 ToY—q Zo

ygr_l
(b) === < x, we have
ZoY—1

2 2

- Yor—1 . o roY—1 o

I3 = max , Lo ¢ = Lo, Y3 = max »Yo ¢ = Yo
ToY—1 Yo -1

{ A A } A { A A } A
T4 = max y = y Y4 = MmMax ) = ;
YoT—-1 ToY-1 ZToY-1 ZoY-1 YoT-1 ZToY—-1
B {xoy_l a?oy_1} _ TeY—1 B { yox_1} Y1
Ts = Imax ’ - , Ys =maxqy-—i, - )
Yo Yo Yo Zo Zo

2
ToY—1
xe = max {yo, To} = o, Y6 = maX{ . ,yo} = Yo;
1

{ A A } A { A A } A
T7 = max , Y7 = max = ;
ToY-1

YoT -1 ’ ZToY-1 ToY—-1 ﬂﬂoy—l’ ToY-1
{55011/1 oY1 } ZToY—-1 { YoT -1 } YoT -1
g = max , = , Ys =max<q y-i, = 5
Yo Yo Yo Zo Zo

Hence x5 = ¢, x4 = x7, T5 = X3, Y3 = Y6, Y4 = Y7, Y5 = Yg, by Lemma 1, the solution
is eventually periodic with period three as the following
A oY1 A

T3n = L0y T3n+1 = 5 T3n42 = y Y3n = Yo, Y3n+1 = ;
ToY-1 Yo ZToY-1

Yoxr—1
Ysn+2 = ——, n:1727""
Lo

(ii) if —4— < y_o, then

Yor—1 —

{ . } . { ; }
1 = max y g ¢ = —, Y1 = max yY—2 ¢ = Y-2;3
ZToY—-1 ToY—-1 YoT -1
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B {5501/1 } _ Toy-1. { A } A
Tg=Maxy —,T-1 (¢ = ; Y2 = max yY-1¢ = .
Yo Yo Y—2%o Y—2%o

(@) —24 > 20 we have
ToY—-1Y-2

Yo A

2 2
25 — max moy—ly—z’yo} _ TY-1y-2,

= 5 = max )
Toy-1y—2’ } ToY—-1Y—2 vs { A A

2 2
x4fmax{x0y 1?,12 A }: A ,y4:max{% _2}:A.

YoA T moy_1 ToY—1 r%yilyfz’ w3y31y72’

A Syt A A
— max ony 1}: ’ yszmax{xoy 1Y—2 }:
ToY— 2’ Y

ToY—2 Y2 A2 T y_smo oz’
‘s A A
x6:max{x0y 1% 2 Yo }: Yo ’
YoA ToY—1Y—2 ToY—1Y—2
2 2 2
_ ToY-1Y—2 ToY-1y-2 | _ ToY-1Yy-2.
e s )

wy_1y2, A A A yoA? Yo A?
T7 = max , = , Y7 = max ) 3.2 = 3.2 )
Yo A ToY-1 ToY-1 ToY—-1 ToY—1Y-2 LToY—1Y-2

{ A A } A {xéyilyEQ A } A
Ty = max ) = , Ys = max TR = )
ToY-2 ToY-—2 ToY—2 Yo A Y—220 Y—220

Hence z3 = xg, x4 = x7, x5 = T3, Y3 = Y6, Y4 = Y7, Y5 = Ys, by Lemma 1, the solution
is eventually periodic with period three as the following

Yol A A
T3n = ————; TL3n+1 = ; T3n42 = P
ToY—-1Y-2 ZToY-1 ToY-2
Yan = TiY—1y—2 Yama1 = yoA? C Ysnio = A n=12
n A ) n—+ :E:Ogy%lin ) n+ Y_oT0 ) s Ay
(b) ﬁ < 1z, we have
_ { Yo A } 7 -~ {zﬁy_ly_z } 7
T3 =maxqy———,%g = Lo, Y3 =MaXy ————, Yo ¢ = Yo;
ToY—-1Y-—2 A
A A A A
T4 = maxq Y_o, = » Y4 = max yY—2 ¢ = ;
ToY—-1 ZToY-1 ToY-1 ZToY-1
B {$0y1 $0y1} _ ToY-1 B { A } A
Tr5 = max s = , Ys = maxqy-—i, = )
Yo Yo Yo Y—2Xo Y—2%0

fﬂgy—ly—z
x¢ = max {Yo, Lo} = To, Y¢ = Max — Yo = Yo

{ A } A { A A } A
T7 = max | y-2, = y Y7 = max )

5
ToY—1 ToY—-1 ToY—1 ToY-1 ToY—-1

_ ToYy—1 Toy—1 | _ ToY—1 B A A
Trg = max , = y Yg = 1max§y-i, ;
Yo Yo Yo Y—2%o Y—2%o
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Hence 3 = xg, x4 = x7, x5 = X8, Y3 = Y6, Y4 = Y7, Y5 = Ys, by Lemma 1, the solution
is eventually periodic with period three as the following

. A . ToY-1
T3n = T05 T3n+1 = ) T3n+2 = y Y3n = Yo,
ZoY-1
A A
Y3n+l = ——; Y3p42 = ., n=12,....
ToY—-1 Y—2Z0

(IIT) Suppose that x_o, z_1, xg, yo > 0, y—2, y—1 < 0, and

(i) if

4> 4 >
ToY—1 — L2, YoT—1 — Y-2, then

{mrom) =y Uoe ) = e
Z1 = max y 2 ¢ = —, Y1 = 1nax yY—2 ¢ = ;
ZToY-1 ToY—-1 YoT -1 YoT -1

ToY—1
Yo

To = HlaX{ ,1?—1} =x_1; yo=max{r_1,y_1} =T_1.

(a) g > yo, we have

ToY-1
x3 = max {yo, To} = To, Y3 = maX{ . 7yo} = Yo;
1

{ A A } A { A A } A
x4 = max , = , Y4 = max , = ;
ToY-1 ToY-1 ZToY-1 YoT—-1" YoT—1 YoT—1

ToY—1 YoT -1
Ty =mMaxy ——, -1 0 =T—-1, Ys =1INax s L1 ¢ = X1,
Yo Lo

ZToY—-1
x6:max{y0,x0}:1:0, Y¢ = mMax 71 yYo ¢ = Yo;

Hence x1 = 4, 2 = x5, T3 = X6, Y1 = Y4, Y2 = Y5, Y3 = Y, by Lemma 1, the solution
is periodic with period three as the following

A
T3n—2 = 5 T3n—1 = T—1; T3n = L0,
ToY—-1
A
Ysn—2 = ——, Ysn—1 =2T-1; Ysn =Yo, n=1,2,....
Yox -1

®) g < yo, we have

ToY-1
x3 = max {yo, o} = Yo, y3=maX{ e ,yo}=yo;
A A }_ A A A } A

b b = ;
Yor—-1 ToY-1 ToY—-1 YoTr—-1 YoT-1 YoT -1
ZToY-1

Yo

x4=max{ , y4=max{

T5 = maX{ ,x1} =x_1, Ys =max{r 1,7 1} =T _1;

ZToY—-1
re = max {¥o, %0} = Yo, yﬁmax{ - ,yo}yo;
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Hence z1 = x4, 2 = x5, 3 = Z¢, Y1 = Y4, Y2 = Y5, Y3 = Ys, by Lemma 1, the solution
is periodic with period three as the following

A A
T3n—2 = ; T3n—1 =T—-1; T3n = Yo, Y3n—-2 = ,
ToY—-1 Yo -1

Y3n—1 = T—-15 Y3n = Yo, N = 1a27""

ZToY—1 -1 —

(i) if —4— > z_,, yof < y_o, then

{ ; } ., { : }
1 = max ,L_g p = , Y1 = max yY—2 ¢ = Y-2;
ToY-1 ToY—-1 YoT -1

(ot} et ol
Tog =mMaxXq —,T_1 ¢ = T_1; Y2 =mMax yY—-1¢ = .
Yo Y22 Y—2Zg

A
(a) T > xg, we have

Eerr B {5}
T3 = Inax y Lo ¢ = y Y3 =MmMax§ ————— Yo ¢ = Yo;
T_1Y—2 T_1Y—-2 A
{x_lyggxo A } A { A }
T4 = max ) = y Y4 = mMax yY-2 ¢ = Y-2;
A Toy-1 ToY-1 YoT_1
(e} e e
T5 = max yL—1p =T—1, Y5 =1MAX §T—1, = ;
Yo Y—2%0 Y—2Zg
{ A A } A {x%y_ly_g }
T = INax ’ = , Yo =Mmaxy ———— Y0 ¢ = Yo;
T_1Y-2 T_1Y_2 T_1Y—2 A

Hence x1 = 24, 2 = x5, T3 = X6, Y1 = Y4, Y2 = Y5, Y3 = Y, by Lemma 1, the solution
is periodic with period three as the following

A A
T3n—2 = ; T3n—1 = T—1; T3n = ;
ToY—1 T_1Y—2

A
Y—2To

Y3n—2 = Y-2, Y3n—1 = ; Ysn =1%o, n=1,2,....

A
(b) T < xq, we have

)
—2Z0
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Hence z1 = x4, 2 = x5, 3 = Z¢, Y1 = Y4, Y2 = Y5, Y3 = Ys, by Lemma 1, the solution
is periodic with period three as the following

T3n—2 = —; T3n—-1=T-1; L3n = L0, Y3n—2 = Y-2,
ZToY—-1
A
Ysn—1 = 5 Y3n = Yo, n:1a2a""
Y—2Zg

ot Uoe ) = e
Z1 = max y L2 ¢ = T2, Y1 = MmMaxX yY—2 ¢ = ;
ZToY-1 YoT -1 YoT -1

{ A } {y0$—1 } Yor -1
T2 = max y L1 =T—1; Yo=MaxXy —,Y-1 ¢ = ——.
Zo

(@) o > yo, we have

woA
x3 = max {yo,To} = To, Y3 = Max{ —————, Yo ¢ = Yo;
Yor 1T 2

{oerroe} i
T4 = Inax yL—2 0 = T2, Y4 = MmMax ) ;
Yo -1 Yor—-1 Yoxr—1 Yo —1

A Yor—-1 Yo -1 YoT -1
max y L1 =T—1, Y5 = MmMax ) ;
Z—-2Yo Zo To Zo

Zs

afoA
re = max {yo, To} = To, Y6 = MaAX{ —————, Yo ¢ = Yo;
Yo 1T -2

Hence x1 = x4, 9 = x5, T3 = X6, Y1 = Y4, Y2 = Y5, Y3 = Y, by Lemma 1, the solution
is periodic with period three as the following

A

)
YoT -1

T3n—2 = T-2; T3n—1 = T—-1; T3n = L0, Y3n-2 =

YoX—1
y Y3n = Yo, n:1a27""

Ysn—1 =

(b) ¢ < yo, we have

I()A
x3 = max {yo, To} = Yo, Y3 =Max{ ————, Yo ¢ = Yo;
YoX -1 —2

{ oA } { A A } A
T4 = INax ) s L—o p = T_2, Yq — Max =

) = ;
Yor—-1 YoT-1 Yox -1

YoT-1
A YoT—-1 YoT—-1
Is = max y L1 =T—-1, Y5 = MaAX§ L1, = ;
T—2Yo Zo )

ZL’()A
e = max {Yo, Yo} = Yo, Y6 = Max§ —————, Yo ¢ = Yo;
YT -1 -2
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Hence z1 = x4, 2 = x5, 3 = Z¢, Y1 = Y4, Y2 = Y5, Y3 = Ys, by Lemma 1, the solution
is periodic with period three as the following

A
T3n—2 = T-2; T3n—1 = T—-1; T3n = Y0, Y3n-2 = ,
Yo -1
YoT-1
Yan—1 = 5 Y3n = Yo, n:1a2a""
< <
@iv) if oy T S T2 gy S Y2, then
A
I = max yL—2 ¢ = L—2, Y1 = 1NaX yY—2 ¢ = Y-2;3
ToY—-1 Yor—1

() i)
T2 = max yL—1 = T—1; Y2 = Mmax YyY-1p0 = .
T—2Y0 Y—2%o

(a) 4 > xg, we have

T—1Y—-2
{ A } A {xoy_Q }
T3 = max , Lo ¢ — , Y3 = max > Y0 ¢ = Yo;
T_1Y—2 T-1Y-2 T2
S (e}
Ty =mMaxXy ——— T2, ==T_2, Yq =1NaX yY—2 ¢ = Y-2;
A YoT—1
T5 = 1max y -1 =T—1, Ys =MaAX§T-1, = )
Z—2Y0 Y—2Zo Y—2Zo
{ A A } A {xoy_g }
T — IMax s = , Y = MMax s Yo = Yo,
T_1Y-2 T-1Y-2 T_1Y—2 T2

Hence x1 = 24, 2 = x5, T3 = X6, Y1 = Y4, Y2 = Y5, Y3 = Ys, by Lemma 1, the solution
is periodic with period three as the following

A
T3n—2 = T_2; T3n—1 = T-1; T3n = T 1y 2’ Y3n—2 = Y-2,
—1Y—2
A
y3n—1:y x;y3n:y07n:1a2a""
—2%0
(b) —4— <z, we have
T—1Y-2
A ToY—-2 .
T3 = max yLo ¢ = Zo, Y3 = mMax yYo ¢ = Yo,
T_1Y-2 L2

A
ry =max{y_2,T_o} = T_o, Y4 = max JY—2 0 = Y_2;
Yor -1

() U i) =
Is = max -1 =2T-1, Y5 =1INax =

b ) 7
T—2Yo Y—2%o Y-270 Y—2%0

- A o o ToYy—2 o
Te = max y Lo ¢ = Zo, Y = IMax yYo ¢ = Yo;
T_1Y—2 T2
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Hence z1 = x4, 2 = x5, 3 = Z¢, Y1 = Y4, Y2 = Y5, Y3 = Ys, by Lemma 1, the solution

is periodic with period three as the following

T3n—2 = T—-2; T3n—1 = T—-1; T3n = L0, Y3n-2 = Y-2,

A
Y—2Zg

Ysn—-1 = 5 Y3n = Yo, n:1a2a""

Since there are too many cases according to the signs of initial values and they have the
similar proof by induction, we will not list all of them by the limit length of the paper.

Remark 6: A < 0 and (H3) imply that (3) have either eventually positive or eventually
sign-changing solutions.

5 Examples

Example 1: Let A= ].7 Tr_o9 = 71/27 r_1 = 74, Ty = 71/4, Y_o = 71, Yy_1 =
—12, yo = —1/2. Then, by Theorem 1, (3) has eventually three-periodic solutions described
as Figures 1 and 2.

Figure 1 Plot of z(n) (see online version for colours)
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Example2: Let A=2/3, x_o =4, x_1 =6, x0 =2, y_2 =5/2, y_1 =5, yo = 5/6.
Then, by Theorem 2, (3) has eventually three-periodic solutions described as Figures 3 and
4.

Example 3: Let A= 1/47 T o=4, x_1= 77/27 To = 72/3, Y_o = —4, Yy_1 =
—1/2, yo = 5/3. Then, by Theorem 3, (3) has eventually three-periodic solutions described
as Figures 5 and 6.

Example 3’: Let A=3, 2_o=-3/5, x_1=-8, ©o=-4/3, y_2=5, y_1 =
6/7, yo = 3. Then, by Theorem 3, (3) has eventually three-periodic solutions described as
Figures 7 and 8.



Figure 2 Plot of y(n) (see online version

Figure 3 Plot of z(n) (see online version
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Figure 5 Plot of z(n) (see online version for colours)
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Figure 6 Plot of y(n) (see online version for colours)
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Figure 7 Plot of z(n) (see online version for colours)
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Example3”:letA=3, 2 =221 =-520=—-6,y2=1,y_1=—4, yp = —8.
Then, by Theorem 3, (3) has eventually three-periodic solutions described as Figures 9

and 10.
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Example 4: Let A = —1/3, z_»
ually three-periodic solutions described

—6, yo = —3/2. Then, by Theorem 4, (3) has event
as Figures 11 and 12.
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Figure 11 Plot of z(n) (see online version for colours)
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Figure 12 Plot of y(n) (see online version for colours)
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Example5:Let A= —1/2, 2 9=2,2_1=3/2,20=2/3, y_o=1,y_1=7/3, y0 =

4. Then, by Theorem 5, (3) has eventually three-periodic solutions described as Figures 13
and 14.

Figure 13 Plot of z(n) (see online version for colours)
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Figure 14 Plot of y(n) (see online version for colours)
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Example 6: Let A = —5/3, x_o=-2, x_; = -4, g = —-3/2, y_2=—7/5, y_1 =
2/5, yo = —1. Then, by Theorem 6, (3) has eventually three-periodic solutions described
as Figures 15 and 16.

Figure 15 Plot of z(n) (see online version for colours)
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Example 6’: Let A=-5 ©.5=8/3, x_1=-5/7, 20=2, y_2=-3, y_1 =
—4, yo = 2. Then, by Theorem 6, (3) has eventually three-periodic solutions described as
Figures 17 and 18.

Example 6”: Let A=-3, 2 o=—-11, 2 1=-2, 20=—-4, yo=3, y_1 =
—1/4, yo = —5. Then, by Theorem 6, (3) has eventually three-periodic solutions described
as Figures 19 and 20.
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Plot of y(n) (see online version for colours)
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Figure 19 Plot of z(n) (see online version for colours)
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