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Abstract: The rapid emergence of the coronavirus disease 2019 (COVID-19)
has already taken on pandemic proportions, resulting thousands of deaths
around the world. In the present manuscript, a mathematical model is proposed
to investigate the current outbreak of the COVID-19. The model includes
multiple transmission pathways and emphasises the role of asymptomatic and
symptomatic infected population in the spread of this disease. To predict
upcoming situation and a detail analysis of the spread of COVID-19 outbreak,
basic reproduction number is calculated using publicly reported data from three
different countries, where the outbreak is at its peak (USA), initial level (India)
and controlled up to certain level (Japan). Analytical and numerical results of
the model indicate that current on-going outbreak of COVID-19 would remain
endemic if we do not proceed with extreme vigilance due to the serious risk it
poses around the globe.
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1 Introduction

The pandemic outbreak of a novel coronavirus (COVID-19), broke out in the Chinese
province of Wuhan and rapidly infected hundreds of thousands people worldwide since
December 2019 (Rothan and Byrareddy, 2020). As on 19 April 2020, 05:30 GMT, the
virus has affected 213 countries and territories globally with 2,350,058 confirmed cases,
of which 161,268 have passed away and 55,141 cases are in critical condition
(worldometers.info). Due to lake of appropriate vaccination and its highly contagious
nature, there is still a possibility that the outbreak could become more intense and cause
high mortality around the world. There is no doubt that the pandemic has profound
effects on world economy and our private and professional lives (Driessche and
Watmough, 2002; Fernandes, 2020). To avoid the risk of worst condition of this
pandemic outbreak, the central government and local governments of all the infected
countries had tightened preventive measures and large-scale movement of population is
strictly prohibited (Tahir and Masood, 2020). As the outbreak grows to a greater extent,
severally infected areas are imposing a more massive quarantine.

Nowadays, all the health organisations around the world frequently monitors the
evidence and information about the preventive measures and spread of COVID-19.
Recent analysis by The World Health Organization (WHO) suggest that out of total
infected cases, 80% of infected patients are asymptomatic or at an initial stage, 15% are
severely infected, suffering from dyspnea and 5% are requiring ventilation as they are at
critical stage (Harries et al., 2020). The main clinical manifestations of the infection are
dry coughing, fever, dyspnea and desaturation (Jin et al., 2020). Mainly two type of
human to human virus transmission are reported, symptomatic, pre-symptomatic
transmission. Symptomatic transmission occurs while exposed individuals come in
contact with the infected respiratory droplets spread through coughing or sneezing by
symptomatic individuals (Huang et al., 2020). The incubation period for COVID-19 is on
usual 5-6 days and can be extend up to 14 days, which makes it is hard to find and
quarantine infected individuals before symptom onset. The duration of this pre-
symptomatic period which is more hazardous, since some infected persons can be
contagious in this duration and they can infect others unknowingly (Hatipoglu, 2020;
Zhai et al., 2020).

Pandemic outbreak of COVID-19 has turn out to be an unexpected severe problem on
public health internationally, several dynamic models have been constructed to give
estimations and peak prediction on the transmission dynamics for making epidemic
preventing strategies (Katul et al., 2020, Zhou et al., 2020). In our previous study, we
have proposed a generalised SEIR model of COVID-19 and optimal control theory is
applied to pretend the behaviour of its transmission under various intervention strategies
(Shah et al., 2020). Tang et al. (2020a) proposed a compartmental model in which each
group is divided into the quarantined and unquarantined subpopulation. To compute the
evolution in better way, they redesign and re-estimated the reproduction ratio of the
model by introducing diagnose and time-dependent contact rates (Tang et al., 2020a,
2020b). Chen et al. (2020b) constructing a dynamical model to presented the behaviour
of incubation period of the infection on local outbreak of COVID-19 (Chen et al., 2020b).
Khan and Atangana (2020) have formulated the mathematical results for a fractional
ordered model which includes details of interaction among the bats, unknown hosts,
humans and the infections reservoir (Khan and Atangana, 2020). In the same way, Chen
et al. (2020a) have also constructed a transmission network model for simulating the
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possible transmission of COVID-19 among bats, hosts, reservoir and people (Chen et al.,
2020a). Zhao et al. (2020) divided people from Wuhan City into subclass of different age
groups and established a SEIARW-model including market to person and person to
person transmission of COVID-19 (Zhao et al., 2020). Zhong et al. (2020) have examined
characteristics of the past epidemics of COVID-19 and constructed a mathematical model
using epidemiological data to make quick prediction of the outbreak in China (Zhong
et al., 2020). Yang and Wang (2020) have formed a mathematical model after studying
the multiple transmission pathways that describes the role of the environmental reservoir
in the transmission and spread of COVID-19 (Yang and Wang, 2020).

In this work, a compartmental model is constructed to study the asymptomatic and
symptomatic transmission of the COVID-19 infection in Section 2. Moreover, its basic
reproduction number is also formulated and calculated using real world data. Numerical
simulation is carried out in Section 3, which describe the variation in compartments of
the model with time and relation between them.

2 Mathematical modelling

In this Section, a mathematical model is formulated where both asymptotically and
symptomatically infected class are included separately to analyse asymptomatic as well
as symptomatic transmission of COVID-19. In this model, total population of humans are
divided in eight compartments, class of susceptible individuals (S), class of exposed
individuals (E) where, exposed individuals are those who are surrounded by infection but
yet not infected, class of quarantine individuals (Q), class of individuals infected with
COVID-19 who does not develop symptoms of disease i.e. class of asymptomatically
infected individuals (4), class of symptomatically infected individuals (Sy) this individual
has developed signs and symptoms compatible with COVID-19 virus infection, class of
all the individuals who are infected by COVID-19 (), class of hospitalised individuals
(H) and last is class of recovered individuals (R). Note that, infected cases are seen in
almost every region of the countries because of the highly contagious nature of the virus.
Hence in this situation, all the people who regularly stay outside like, doctors, police
man, security guard, grocery shop keeper etc. are also considered to be an exposed by
COVID-19. To avoid risk factor of COVID-19 spread, whenever infected people caught,
all the individuals who came in contact with this infected people in last few days are also
kept in quarantine class. The transmission dynamics and flow is shown in following
Figure 1.

Figure 1 Transmission dynamics of covid-19 model (see online version for colours)
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The population of the all compartments is govern by the following system of non-linear
differential equations:
S’=B-BES+B,0-us
E'= BES - B,EA- BESy— BiE ~ UE
0= B5E - B,0- 5,0~ B0~ B0 - u0
A = BEA+ SO~ ByA— fyA—ud

Sy’ =

B0+ BESy+ ByA— B, Sy — uSy

I'= BoA+BSy+ 50— Bl —ul
H'=B,1 = BisH — pyH — pH
R'=p,H - uR

@)

The parameters and its value for three different countries used in the model are given in
following Table 1.

Table 1 Parameters and its values used in the model. Data for total number of infected cases,
critical cases, hospitalised cases and deaths due to COVID-19 for these three countries
Parameters USA India  Japan
B Birth rate 0.0120 0.0182 0.0074
i Natural mortality rate 0.0088 0.0073 0.0099
Hd Mortality rate due to COVID-19 0.0325 0.0299 0.0218
B Rate by which susceptible individuals get exposed 0.0035 0.0015 0.0016
>» Rate by which quarantined individuals become 0.8076  0.9606 0.9230
susceptible
5 Rate at which exposed individuals become 0.2913 0.0012 0.0172
asymptomatically infected
yon Rate at which exposed individuals become 0.0124 0.00053 0.0043
symptomatically infected
yes Rate at which exposed individuals get quarantined 0.8395 0.0684 0.2791
Bs Rate at which quarantined individuals are moving 0.0952  0.0313 0.0616
to asymptomatic class
B Rate at which quarantined individuals are moving 0.0384 0.0078 0.0154
to symptomatic class
& Rate at which quarantined individuals get infected 0.1923  0.0391 0.07700
by COVID-19
P Rate at which asymptomatic individuals become 0.2499 0.2500 0.2499
symptomatic
Pio Transmission rate from asymptomatic class to 0.2000 0.2 0.2
infected class
P Transmission rate from symptomatic class to 0.8000 0.8 0.8
infected class
P2 Rate at which infected individuals get hospitalised 0.9136 0.8846 0.8320
B Recovery rate 0.0593 0.0962 0.1756

Notes: That, all the parameters used in this COVID-19 model are non-negative. Consider
the feasible region.

Source:

8 April 2020)

Woldometer (https://www.worldometers.info/coronavirus/) (accessed
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A:{(S, E,Q,A4,8y,I,H,R,)e R} :S+E+Q+A+Sy+I+H+Rs£
u

2 (2)
andHS—}
Hd

The region is positively invariant, all the solutions of the system (1) are remain in the
feasible region (2).

2.1 Endemic equilibrium

The solution of system (1) is an endemic equilibrium point of the model which is given
by: E, = (S*, E O, 4,8 I",H", R*) where,

B Ba Bsksr? (ﬁs +ﬁ7)—ﬁ4ﬁ5ﬂ7k37’ +(,B4k3”—k4)(k1k3 _,Bskler)

g = —Bs Bsr (s Ba + PafBo)
ﬂl (ﬂ4kzi’—k4 )(ﬂ3k27’—k3) ’
* * . B Bsr . Bsr (s Brkear — Bs o — Pk )
E =kyr, =fsr, A =———""——— 8§y =— ,
o=h Blor ks (Bskar —ka ) (Pskor —k3)
It = _P_ﬂs H :_P,Blzﬂs and R = 2B bs
qks ’ gksks qksks

The terms used in the expression of compartments of the endemic point are:

P = BB fs(Bakar —ka)(Bs — k3) + BiBsr (B2 + Bo ) BrofaPskar + B s frkar — Brofoks)
+(fs B = kako ) (Brfro faPekar? + Prfui s frkar? — Br Profekar — PaPskspar)

q= (ﬂs (B2 + Ps + 1) —kaka )ﬁl (Bakor — ky)(Pskor — k3),

ki=ps+p,  ka=po+fr+ s+ P+ i, ks = Po + Pro+ s

ky=pu+u,  ks=Po+uke=Ppi+us+u

Here, r is the highest root of the polynomial, given by p(x)=by +bz+byz> +b3z* =0
and its coefficients are: by = k4 (B ks —kiks ),

by = =Bpiks (ks — Paks) + Bskap(koky — ks B ) + kikaks (Bape — Prks)
= BaPBsi(Ps o + Prks) + B B2 Bskska

by = =P s Bskaka (B + Bs) + Pikiks (P ka+ Ba ks) + Bafis fska (Bspe = PrBo)
= PrBaPskaks (Ba + B7) + B3 Pakapt(Bs pr —kika) + B pi B3 fak; and

by = B3 faks (Ba + Ps o) + Bi B3 Baks (Bs 7 —kiks)

2.2 Basic reproduction number

To get threshold value of the COVID-19 transformation, basic reproduction number is
formulated using next generation matrix algorithm (Diekmann et al., 1990; Driessche and
Watmough, 2002). The basic reproduction number for of system (1) is obtained as the
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spectral radius of matrix (F V‘l) at an endemic equilibrium point. F and V" are obtain

from Jacobian matrix of matrices fand v respectively,

[ BES | [ SEA+ ByESy + BsE + uE ]
BEA ~BsQ+ BoA+ ProA+puA
B4ESy 50— PoA+ BuSy+ uSy
0 —B+ BES - B0+ uS
f= andv=
0 —GsE+ 0+ 0+ O+ SsO+ 1O
0 —BioAd =Sy — KO+ Pl +ul
0 =Bl + Pi3H + g H + uH
L0 ] L —fBiH + uR |
@y @ a; a; as 0 0 O]
a a; ag ay ap 0 0 0
ay an a3 ay as 0 0 0
0 0 0 0 0 00O
Fy-1=
0O 0 0 0 0 00O
0 0 0 0 0 00O
0O 0 0 0O 0 00O
0 0 0 0 0 0 0 0

The formulated basic reproduction numberis:
1
m3 2 (1 1 1
Ry Z———[gal (a3 +a7)—anas —apas +§a13a7 L) —5(‘112 +ajs + a7 )j

6 1
m3

3)

+%(a13 +a; +a1)

m=12(ay; +a7)Banas —azar) —12(a; + a3)Bana; — aars)
+12(a1 + a7)(Bazas — ajar)+108ay; (azas + ar1as) + 8(aiy + a3)
+a’ —72ay (aza7 + apag) — T2a3a2a6 + 48a1a13a;
+12((a7 —a13)(3a14(a13 —a7) =64 (anas — aas +a2)+6a; ajza; (aly +a3)
+30aa3arasar )+ (a3 +ar ) (6aian (das + asas ) —18anaras (af —3aas)
+54adasasas )+ (a3 —6ar)adal —6alanas (a3 + aras)
+30a? ajza; (manas —aaras) +12adag (@ az — ajarn)
+30aaya3a3 (a3ar + aj1az) —3at anas (anas +8aiz) — 6at aaas (ay + azrae)
—6(ai3a7 + azag)(al (afy + anag) + anazazag) +12ai a3 (aas —S5an1a3)
—3aa3(ar +2a3) - 3at aras(aras —8a2) + 2aya? a3 (27aras —17azar)
+6aiay1apa5(ar3as —18azag) + 2a1ay1a12a3(27asa6 + STara)

2
+6a1a11ai3 (aizas — ayag) + 6ajanazax (azas +12araz)
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—6a1ay1a3a7 (a13a7 — axae) + 6ay as(azas — a3 ) Banaz + apaaz)

+24aiaba? (ay —ar) — 6ayanaps (apag + 3aizazag) — ajabaizag (ag +108ag)

+30anaisaras (a3 + ajar) + ajannaizas(axas + 72azaz)

+18ajanazas(3ayas — a2 ) + 24a1ai3a2a6 (a3 — azag)

+6a1aasa7 (a2 —5arae) —12a} a3 (anas +3anas) —3ahazai (as +8ar)

+12a?,a2 (2a? —3ayag) — 6a11ay (a3a7 — 2aya3) — 6anayasas (a2 +6azag)

+27a} ayas2aiza; +3arag) + 9ayarazag (apas —12ay,a7)

—6ayanazas(ab +6a,a5) +3(18ayanalas + aka? +4adarae)(a; —2a;)

+6aanaragas (a;; —10a;)—3ab al (af + a2) + 6anaias (a;a3 — azagas)

+6aparasas(a3a; —6aag) — 6anakas(a? +10ara6)

+6a1a3a3a7(4a2 +19a2a6) —18aya3azas (a2 + 5azac)

—12ay1a2a3a5 Bazas +5a2 ) + 6ay1aa7as (a7 +9aras) +12ay1a3 (ayag — ara3)

—3a}a?(4anas —27a2)+ 6anaiaras (a3 + Sappas) —12aaka3(2a2 +5aza6)

+12a3anasas (a3 —9aza6) + 6aasaga; (2a2 +9ayas) — 6adaras (a3 —4azas)

—3a; ag(a? +4aras)(2a3a;7 + aras) —3a3 (aral, —8ayayas)

+6a,a13a2 (ara3 — azasar)
The value of the basic reproduction number (Ro) also called the threshold value, depends
on the incubation period of the infection, the possibility of infecting exposed individual
during one contact and the number of new susceptible individuals communicated per unit
of time and environmental factors that govern pathogen transmission. Hence, magnitude
of Ry varies by places and communities. Using current real value data the estimated value

of Ry for three different countries, USA, India and Japan is 6.9026, 5.7880 and 4.7983
respectively.

3 Numerical simulation

This section attempts to describe the model with graphical representation.

Figure 2 (a), (b) and (c) represents the variation in each compartment with time for
three different set of parametric values taken from current COVID-19 outbreak in USA,
India and Japan respectively. It is found that the population in the class of exposed
individual is highest in India which represents very serious scenario of high infected case
in upcoming days in India. While in USA exposed individuals are converted into infected
cases hence in in Figure 2(a) the population in exposed class is minimum and the
population in infected class shows at maximum level. It can be observed that, in India,
the population in quarantine class is significant which indicates that Indian government is
getting public support to fight against this outbreak. Observing the asymptomatic as well
as the symptomatic infected cases from all three figures, we can assume that the current
pandemic outbreak is at peak level in USA, while the outbreak is at progressing stage in
India and progression in recovered class suggests that the outbreak is controlled up to
certain level in Japan. Figure 2(a) and 2(b) shows that in USA and India, the
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hospitalisation cases are increases exponentially during first week of the outbreak, while
in Figure 2(c) we can observe that in Japan it starts to decrease after 45 days.

Figure 2 Variation in all the compartments with time (see online version for colours)
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Figure 3 Intensity of virus transmission under asymptomatic and symptomatic infected class in
USA (see online version for colours)
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Figure 3(a-b) shows intensity of asymptomatic and symptomatic transmission of COVID-
19 individually in highly infected country, USA. It is observed that 11% asymptomatic
and 14% symptomatic result into 33% and 32% infected respectively. Out of the infected
individuals 33% and 32% needs hospitalisation. The recovered rate is same for both the
categories; i.e., 9%. Figure 3(c) depicts that 19% asymptomatic and 25% symptomatic
results 56% infected in USA.

Figure 4 Intensity of virus transmission under asymptomatic and symptomatic infected class in
India (see online version for colours)

R R
8% 8%

26%

Sy
20%

@ (b) ©

Figure 4(a-b) shows intensity of asymptomatic and symptomatic transmission of
COVID-19 individually in Japan. It is observed that 5% asymptomatic and 6%
symptomatic result into 18% infected. Out of the infected individuals 27% and 26%
needs hospitalisation. The recovered rate is same for both the categories; i.e., 8%. Figure
4(c) depicts that 18% asymptomatic and 20% symptomatic results 62% infected in USA.
This suggests that Japan government imposed preventive steps at earliest.

Figure 5 Intensity of virus transmission under asymptomatic and symptomatic infected class in
Japan (see online version for colours)
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Figure 5(a-b) shows intensity of asymptomatic and symptomatic transmission of
COVID-19 individually in India. It is observed that 10% asymptomatic and 9%
symptomatic result into 11% infected. The early steps of lockdown have restricted
transmission of COVID-19. Out of the infected individuals 29% and 30% needs
hospitalisation. The recovered rate is almost same for both the categories, i.e., 19% and
20% respectively. Figure 5(c) depicts that 37% asymptomatic and 24% symptomatic
results 39% infected in India. The government can restrict infected to travel because of
social distancing and lockdown of air traffic, road and rail traffics.



10 N.H. Shah et al.

Figure 6 Intensity of hospitalisation w.r.t asymptomatic and symptomatic individuals (see online
version for colours)

@ (b)

Figure 6(a) and 6(b) shows the intensity in hospitalisation class under the influence of
asymptomatically and symptomatically infected individuals respectively. It can be
observed from the figure that the intensity of symptomatic individuals is more and long-
term compared to that of the asymptomatic individuals. Moreover Figure 6(a) suggests
that recovery rate of the asymptomatic individuals is quite higher than symptomatic
individuals.

Figure 7 Intensity of hospitalisation of infected individuals by COVID-19 (see online version
for colours)

Figure 7 shows that progressively more infected people go towards hospitalisation, but
after some point of time it gets stable and hospitalisation cases decrease up to certain
level.
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Figure 8 Intensity of asymptomatic and symptomatic individuals in class of infected individuals
(see online version for colours)

o
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Figure 8(a) and 8(b) shows the intensity of asymptomatic and symptomatic individuals in
the class of infected individuals by COVID-19 respectively. Comparison of these two
figures suggests that intensity of symptomatically infected individuals is more in infected
class compared to asymptomatic individuals. From a close observation of directional
dynamics, we can say that the infected individuals moves to symptomatic stage with
time, or we can say that the asymptomatic individuals become symptomatic over time.

Figure 9 Effect of symptomatic and asymptomatic individuals on exposed class (see online
version for colours)
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Figure 9(a) and 9(b) shows the effect of symptomatically and asymptomatically infected
individuals on class of exposed individuals respectively. It can be observed from the
figures that compare to the asymptomatic individuals, the exposed individuals get
infected by COVID-19 at higher intensity by the symptomatically infected individuals.
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Figure 10 Variations in susceptible and exposed class (see online version for colours)

N

Figure 10 shows that the susceptible individuals quickly get exposed as well as the
exposed individuals are become susceptible after some time.

Figure 11 Intensity of asymptomatic and symptomatic individuals in quarantine class (see online
version for colours)

@ (b)

Comparison of Figures 11(a) and 11(b) suggests that, as the symptomatically infected
individuals are more contagious than the asymptomatic individuals and they should be
quarantined as soon as possible.

Figure 12 shows that most of the asymptomatic individuals become symptomatic
after incubation period of COVID-19.
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Figure 12 Transmission between asymptomatic and symptomatic class (see online version
for colours)

4 Conclusions

A compartmental model is constructed to study the contagiousness or transmissibility of
COVID-19 through two possible human to human transmission ways: symptomatic and
asymptomatic. To analyse the re-emerging infectious agents during three different stages
of the COVID-19 outbreak, the threshold value of the model is estimated using
parametric values taken from three countries with different situations (stage) of the
running outbreak:

1  outbreak is at initial stage
2 outbreak is at peak stage
3 outbreak is at partially controlled stage.

From the comparison of these three values of basic reproduction number one can predict
the possible upcoming situation and different strategies can be developed to prevent the
epidemic of COVID-19. Numerical simulation of the model imitates the risk factor of
pre-symptomatic transmission of the virus. The study recommends that it is very crucial
to save susceptible as well as exposed individuals from pre-symptomatic transmission to
control the epidemic of COVID-19.

Data availability

The data used to support the findings of this study are included within the article.
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