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Abstract: In this article, we consider a single server queue in which
customers arrive according to the Markovian arrival process (MAP) and their
corresponding two modes of service based on phase-type (PH) distribution.
The main server may affect by breakdown while offering service whether it is
any one of the modes of service or additional service immediately go for the
repair process. At that moment, the service process switchover to the standby
server until the main server rejuvenated from the phase-type repair. When
vacation completion epoch, the main server will do the start-up process. Using
the matrix-analytic method, we investigated the total number of customers in
the system under steady-state probability vector. We examined the stability
condition, busy period and characteristics of some performance measures
of the system are discussed. Numerical results are tabulated and graphical
representations are provided for a clear view of our model.
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1 Introduction

The versatile Markovian point process has been first introduced and examined by Neuts
(1979). He has discussed the PH-distributions, point process and some applications
including the Poisson process, PH renewal process, Markov-modulated Poisson process
and the Markov-arrival process. Chakravarthy (2010) has described the point process
and marked point process which are the first building blocks in the development of MAP
and the PH distributions are the generalisations of exponential distributions. He has also
described the Poisson process and PH-renewal process are the second building blocks in
the development of MAP concepts and then he incorporated the distinct types of special
cases of MAP. Ayyappan and Karpagam (2019) have studied the non-Markovian batch
arrival and bulk service queueing model with standby server, single vacation and some
performance measures including the expected waiting time. Chakravarthy and Agarwal
(2003) incorporated the machine repair problem with the concepts of unreliable server,
service and repair process based on phase-type distribution. They have analysed their
model using matrix analytic methods.

Jain et al. (2004) have incorporated the machine repair system deliberates the
concepts of N or more units has failed then the removable repairman turns on for start
the repair work afterward if there is no failed unit for repair, the repairman will turn off.
The arriving failed unit may renege due to impatient behaviour during the repairman
is busy. Ke (2003) has analysed the M/G/1 queue with vacation under N-policy,
unpredictable breakdowns and do start-up process for serving the waiting customers until
the system becomes empty. Whenever the server affected by breakdown immediately
goes for the repair process and also analysed the cost optimisation. Kumar and Sharma
(2019) have analysed the multi-server Markovian queueing model with reneging and
retention of reneging customers. Kumar and Arumuganathan (2008) have incorporated
a single server retrial queueing system with two phases of heterogeneous service, batch
arrival of customers follows the Poisson process and discussed the Bernoulli schedule
vacation. Sudhesh and Azhagappan (2019) described the heterogeneous multi-server
queue with balking and reneging of customers. Kannadasan and Sathiyamoorthi (2021)
described a single server queue with working vacation serving at a slower rate during the
start-up period. Dudin and Nishimura (1999) have studied the batch Markovian arrival
process for arriving customers with controllable two service modes follow the general
distribution.

Wang et al. (2007) have described a single removable and unreliable server with
unpredictable breakdowns and also discussed when the server affect by the breakdown
which is emergently recovered and it has need start-up process of preparatory time
to start the service again. They have developed a cost analysis for the optimisation
of their model. Ke (2001) has incorporated a single server non-Markovian queueing
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model with two types of vacations in which server can go type one vacation which
the system is empty likewise when vacation completion epoch if the number of
customers in the system less than Q again the server will take type one vacation or else
number of customers in the system is Q < N, the server goes for type two vacation.
However, if the number of customers in the system reaches N or more and the vacation
completion epoch, the server turned on and do some preparatory work on the basis
of the start-up process. Furthermore, he has analysed the cost model to attaining the
threshold optimisation. Kalita and Choudhury (2021) have analysed the non-Markovian
single server queueing system in which the server takes the maximum number of random
vacation up to finds a minimum of one message waiting in a queue when the vacation
completion epoch and the server would be dormant in the system after completing the
maximum number of random vacations. Singh et al. (2020) have incorporated the bulk
arrival retrial queue with the unreliable server, optional additional service and arrival of
negative customers.

Bagyam and Udayachandrika (2011) have studied non-Markovian retrial queueing
model with two types of service. Ayyappan and Udayageetha (2020) have analysed the
retrial queue with priority services, start-up and closedown time, vacation, impatient
customers and working breakdown which is rendering service at a slower rate even
after affected by the breakdown while offering normal service to the customers. Nobel
and Tijms (1999) have analysed a single server queue station with batch arrival of
customers follows the Poisson process and dealt with the arriving customer has an option
to choose any one of the modes of service in which it deliberates high speed and regular
speed service. They also added the switch over times for changing one mode to another
mode of service. Choudhury and Kalita (2017) have investigated the non-Markovian
queue with a breakdown, delayed repair and two types of service from the server, the
customer who has an option to get the same service once again if the customer is
not satisfied with the essential service. Baruah et al. (2012) have analysed the batch
arrival queueing system with two types of heterogeneous service deliberates the arriving
customers could choose any one types of service, re-service and impatient behaviour of
customers. Although several aspects of queueing models with the concept of two types
of service in the literature, no works have been done with the concepts of two modes
of heterogeneous service, additional service, standby server subject to unpredictable
breakdowns and phase-type repair process. Therefore, in this paper we investigate the
MAP/PH(1),PH(2),PH(3)/1 queueing system using matrix-analytic methods with
start-up time, vacation, two modes of heterogeneous service, standby server, breakdown,
both the service and repair follows the phase-type distribution and arrival considered
under MAP is the suitable way of approaching the correlated and non-correlated arrival
concepts.

The overall goal and intentions of our paper are given as follows:

e  We formulate some scenarios faced by customers in the banking sector as well as
in internet banking into mathematical form.

e  We derive the stability condition of the system for the condition check of our
model to remain balanced. To analyse the busy period of the system and the
waiting time analysis for the customers.
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e  To describe the Total cost of the system for optimisation of our proposed model.
To examine the consequence of the various parameters on the characteristics of
the system performance measures whether they increase or decrease according to
the situations.

The motivation for this article comes from the banking sector. In banking systems,
the arriving customers usually demand either deposit or withdrawal of their amounts
(two modes of heterogeneous service) then they received either any one of the modes
of heterogenous services then after some people may demand print the details of
the transactions in their passbook (additional service) or else they will leave out of
the system. While the customer receiving service from any one of the counters, the
computer or the printer may be struck by the breakdown then that service receiving
customer would take care of by any other staff member (standby server). During the
vacation period the waiting customer who may leave out of the system (reneging) due
to impatient behaviour. Similarly, consider the internet banking sector, the customers
who use this source either will pay the bills, fees to their corresponding educational
sector, etc. otherwise they will deposit their amounts in the investment avenues like
equity, bonds, mutual funds, exchange-traded fund (ETF) and a cryptocurrency (Bitcoin,
Litecoin, Ethereum, Altcoin and Ripple), etc. While using internet banking with the help
of any one of the broadband Wi-fi connection which may not come properly in some
situations, in those moments people will connect any other Wi-fi or smart-phone internet
connection (standby server) during the repair period of that broadband Wi-fi connection.
When the transaction completion epoch they would make transaction pdf print or
download it (additional service) on their laptop, personal computer or smart-phones if
their transaction has done by using NEFT platform in internet banking.

1.1 Structure of our manuscript

The remaining structure of the overall manuscript is structured as follows. We elaborate
on the detailed description of our mathematical model in Section 2. In Section 3, we
generated a matrix formulation of our model. In Section 4, we discussed the stability
condition, the steady-state probability vector of our model and the computation of
the R matrix. In Section 5, we have analysed the busy period of the system. The
system performance measures have been discussed in Section 6 and we described
the cost analysis for our model in Section 7. In section 8 we analysed the waiting
time distribution and in Section 9, presented some tabulated numerical and illustrated
graphical representations through exemplifications. The conclusion of our model has
given in Section 10.

2 The mathematical model description

We consider a classical queueing model in which customers arrive based on MAP with
representation (Dg, D1) of the square matrix of order is m such that D, represents
there are no arriving customers in the system, D; represents the arrival of customers
in the system. The main server (MS) offering the two modes of heterogeneous service
in which arriving customers have an option they can choose either mode I service with
probability ¢; or mode II service with probability d; and the additional service also offer
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when service completion epoch of any one of the modes of service of which all these
services follow the phase-type distribution. The mode I and mode II phase-type service
of the main service with representation («,7) and (y,U) of order n; and ny with
T+ Te =0 and U° + Ue = 0 such that T° = —Te and U° = —Ue. While the main
server offering mode I or mode II service to the customers, if the main server struck
with breakdown immediately standby server will interrupt and carry over the service
process and it follows the PH distribution with representation (a1, 617") and (71, 02U)
of order n; and ny where 0<67,6><1. The vectors «, v and a7, 1 are denoting for the
purpose of differentiating the main server and the standby server and we are taking «,
~v and a1, 71 are the same such that « = a; and v = ~;. After receiving service from
the main server the customer who may wish to get an additional service immediately
they will get additional service with probability ¢, otherwise, leave the system with
probability ds such that c; + do = 1 and the additional service follows PH distribution
with representation (3, R) and the same scenario will happen when the standby server in
the system. While offering additional service to the customers if the main server struck
with breakdown then immediately standby server (SS) would interrupt and carry over the
additional service and it follows a phase-type distribution with representation (31, 03 R)
of order is ng with R® + Re = 0 such that R® = —Re and 0<65<1. The vector 8 and
(1 are denoting for the purpose of differentiating the main server and the standby server
and we are taking  and (37 are the same such that 3 = ;. Whenever the main server
struck with a breakdown of whether the main server is offering either any one of the
two modes of service or additional service to the customers immediately standby server
would interrupt the main server and carry over the respective service, then the main
server goes for the repair process under phase-type distribution with representation (4, .S)
of order [ with S 4+ Se = 0 such that SY = —Se and the breakdown time follows an
exponential distribution with parameter 7.

Figure 1 Schematic representation of our proposed model
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When the main server rejuvenation is over from the phase-type repair process then come
back to the service station and then who will interrupt the standby server and carry
over the service process whether it is any one of the modes of service or additional
service. Meanwhile, when the main server rejuvenated from the repair at that moment
if the standby server is in an idle state then the main server also will be in the idle
state until the customer arrives at the system. After completing service to the customers
the main server can go for a vacation if there is no customer in the system and the
vacation times follow an exponential distribution with parameter 7. However, when the
vacation completion whether the customer in the system or there is no one in the system
the main server will make the start-up process for the purpose of giving service to the
customers in which whether the customer in the system the main server will start the
service or else the main server being idle up to the customer’s arrival and the start-up
times follows an exponential distribution with parameter o. During the vacation period
of the main server, the customers who are waiting in the queueing line who may lose
patience and renege from the system with parameter ¢ and it is exponentially distributed
(see Figure 1).

3 The matrix generation — QBD process

In this section, we describe the notation of our model as follows for the purpose of
generating the QBD process.

3.1 Notations for matrix generation

e ® — Kronecker product of two different dimension matrices by using this symbol.
e @ — Kronecker sum of two different dimension matrices by using this symbol.

e ], — it denotes an m-dimensional Identity matrix.

e ¢ — column vector of suitable dimension each of its entry is 1.

® €1 = C3m+im-

® €2 = €2minymtnamtngmtinymtlnamtingm-

® €3 = €24ni+nytns+ini+ina+ing-

e ¢1(1) — column vector of dimension {(3 + [)m x 1} with first {m} entries as 1
and the rest of the entries are zero.

e ¢1(2) — column vector of dimension {(3 + [)m x 1} with {m + 1} to {2m}
entries as 1 and the rest of the entries are zero.

e ¢1(3) — column vector of dimension {(3 + I)m x 1} with {2m + 1} to {3m}
entries as 1 and the rest of the entries are zero.

e ¢1(4) — column vector of dimension {(3 4 {)m x 1} with {3m + 1} to
{(3m +Im)} entries as 1 and the rest of the entries are zero.

e ¢e5(1) — column vector of dimension
{(2+ n1 4+ na +n3 +Iny + Ing + Ing)m x 1} with first {m} entries as 1 and
the rest of the entries are zero.



Analysis of MAP/PH(1), PH(2), PH(3)/1 queueing system 91

€2(2) — column vector of dimension
{(24 n1 4+ na + ng +Ing + Ing + Ing)m x 1} with {m + 1} to {2m} entries as
1 and the rest of the entries are zero.

€2(3) — column vector of dimension
{(24+ n1 4+ na + n3 +Iny +Ing + Ing)m x 1} with {2m + 1} to {2m +nym}
entries as 1 and the rest of the entries are zero.

e2(4) — column vector of dimension
{(24+ n1 + ng + n3 + Ing +Ing + Ing)m x 1} with {2m 4+ nym + 1} to
{2m + ni1m + nam} entries as 1 and the rest of the entries are zero.

e2(5) — column vector of dimension
{(24 ny1 4+ ng + ng +Ing + Ing + Ing)m x 1} with {2m + nym + nom + 1} to
{2m + n1m + nam + ngm} entries as 1 and the rest of the entries are zero.

e2(6) — column vector of dimension

{(2+ n1 4+ na +n3 +Ing + Ing + Ing)m x 1} with

{2m + nim + nam + ngm + 1} to {2m + nym + nam + nzym + Ilnym} entries
as 1 and the rest of the entries are zero.

e2(7) — column vector of dimension

{(24+ n1 + na + n3 +Ing +Ing + Ing)m x 1} with

{2m + nym + nam + ngm + Inym + 1} to

{2m + nym + nom + ngm + Ilnym + Ingm} entries as 1 and the rest of the
entries are zero.

e2(8) — column vector of dimension

{(24+ n1 + na + n3 + Iny + Ing + Inz)m x 1} with

{2m + nim + nam + ngm + Inym + lngm + 1} to

{2m + nim + nom + ngm + Inym + Ingm + Ingm} entries as 1 and the rest of
the entries are zero.

Let us denote A\ be the fundamental arrival rate and it is defined as A = w1 D¢,
where 71 is the probability vector of the generator matrix D = Dy + D1, governs
transitions of the MAP. Let the 7 such that 7y D = 0, me = 1.

The mode I service rate of the main server is denoted as d; and the mode I
service rate of the standby server is denoted as 6161, where §; =
[a(=T)""en,] "

The mode II service rate of the main server is denoted as do and the mode II
service rate of the standby server is denoted as 6302, where 63 =

Y (=U) " en,]

Additional service rate of the main server is denoted as d3 and the additional
service rate of the standby server is denoted as 6303, where 63 =

[B(=R)en, ]~

The repair rate of the main server is denoted as ¥, where ¥ = [§(—S5)~*

6[}71.

N(t) indicates the number of customers in the system at time ¢.

V (t) indicates the status of the server at time ¢, where
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, if the main server is on vacation
if the main server doing the start-up process

if the main server is the idle state

w NN = O

if the standby server is the idle state
while the main server is under PH repair process

if the main server offering mode I service

if the main server offering mode II service
if the main server offering additional service

<
—
~+
=
Il
R R A

, if the standby server offering mode I service
while the main server is under PH repair process
8, if the standby server offering mode II service
while the main server is under PH repair process
9, if the standby server offering additional service

while the main server is under PH repair process
e ](t) indicates the repair process considered by phases.
e Ji(?) indicates the mode I service considered by phases.

(
o Jo
(
(

)
t) indicates the mode II service considered by phases.
)

[
<

3(t) indicates the additional service considered by phases.

e  M(t) indicates the arrival process considered by phases.

Let {(N(t),V(t),I(t), J1(t), Ja2(t), J3(t), M(¢)) : t > 0} is the continuous time Markov
chain with state-level independent quasi-birth-and-death process whose state space is as
follows:

Q = 1(0) UI(p).

where

1(0) = {(0,q1,5) : 1 =0,1,2;1 < s < m}
U{(0,3,q2,5) : 1 < g2 < ;1 < s <mj}.

forp > 1,

I(p) ={(p,q1,8) 1 = 0,151 <5 <m}
U{(p,4,71,8) : 1 <71 <mp;1<s<m}
U{(p,5,72,8) : 1 <1y <ng;1 <s<m}
U{(p,6,73,5) : 1 <73 <mg;1 <s<m}
U{(p,7,q2,7m1,8) : 1< qe <151 <7 <ny;1 <s<m}
U{(p,8,q2,72,5) : 1 < qo <151 <rg <mp; 1 < s <m}
U{(p,9,q2,73,8) : 1 < g2 <151 <13 <mg;1 < s <mj.
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The infinitesimal matrix generation of the QBD process is given by,

where

B By 0 0 0 0 0
Bio A 4 0 0 0 0
0 A, A, Ay 0 0 0
100 A A A 0 0
Q=119 0 0 A, A A 0
—DO —nl, Nl 0 1]
B — 0 Dy —ol,, ol,, 0
00 = 0 0 D, o |
|0 0 S°®1,, S& D
(D 0 0 0 0 0 0 0
B |0 Di 0 0 0 0 0 0
=10 0 coa®@D;, diy® Dy 0 0 0 0|
_0 0 0 0 0[1®cla1®D1 Il®d1’}/1®D10
e~ 0 0 0 i
0 0 0 0
dT°®I, 0 0 0
B — dU®1I, 0 0 0
=1 R®I, 0 0 0 '
0 0 0 [,®d:01T°® I,
0 0 0 [;®dr0,U°®1,,
0 0 0 [[®03R° @I, |
(A" A2 0 0 0 0 0 0]
0 A2 AP 4B 0 0 0 0
0 0 AP 0 AP A% o 0
4|0 0 0 A AP0 AT 0
Lo 0 0 0 AP 0 0 Asgl
0 0 Ags 0 0 Ags 0 Ags
0 0 o0 A" o0 0 A" ATS
[0 0 0 0 Asps 0 0 Ags

A%l =D — (77 + C)Im§

A%Q =nln; A%Q =Dy —ol,y; A%i” =ca® oly;

AP = diy @ ol AB =T @Dy —7lhhm; AP =T’ @B Ly;

A?G =70® I, ® Lipn;
Aiﬂ =70 QR I, ® Ipy;
AP =81, @ Iy
AP =801, @ I,;
AP =801, @ I,;

AP =U & Dy = lym; AP = U’ © 8@ Ly;

A® =R® Dy — Tlhyym; AP =161, @ I;

AP =S@ 0T e Dy; AP =1 @6 T’ @ 1 @ Im;
A" =5 ®0,U @ Do; AT =11 @ 0202U° @ f1 @ I
AP = S @ 03R @ Do.
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D: 0 0 0 0 0 0 0
0 D, 0 0 0 0 0 0
0 01, ®D 0 0 0 0 0
A — 0 0 0 I, ® Dy 0 0 0 0
0 00 0 0 I,,0D; 0 0 0 '
0 0 0 0 0 LI ®I, ®D; 0 0
00 0 0 0 0 L ® I, ® I, 0
(00 0 0 0 0 0 @I, @1 |
¢In 0 0 0 0 0 0 0
00 0 0 0 0 0 0
00 c;doT’a®1I, didyT° @y I, 0 0 0 0
4| 0 0adl’®a®l, didU@ L, 0 0 0 0
27100 gR®a®l, Ry, 0 0 0 0|
00 0 0 0 [;®c1ds61 T @1y 1} ® didob T° @71 @ I, 0
00 0 0 01, ® c1d262U° @ ay @ Iy, I @ dydoboUy @ Iy, 0
00 0 0 0 [®c03R° @ @1, L ®d03RO®@v @1, 0

4 Stability condition

We analyse our model under some conditions that the system is stable.

4.1 Analysis of stability condition

Let us define the matrix A as A = Ag + A; + As. It clearly shows that the arrangement
of the square matrix A of order is (2m + nym + nam + nym + lnym + Ingm + Ilnzm)
and this matrix is irreducible infinitesimal generator matrix.

Let &€ be the steady-state probability vector of A satisfying €A = 0 and &e = 1. The

vector & is partitioned by & = (&9, &1, &2, &3, &4, &5, &6, E7), Where & and & are of
dimension m, &5 is of dimension nim, &3 is of dimension nom, &4 is of dimension
nzm, & is of dimension Inym, & is of dimension Inym and &7 is of dimension [ngm.
The Markov process has the quasi-birth-and-death structure, there exits stability of our
model should satisfy the condition £ Age < £Ase, which is the necessary and sufficient
condition of a QBD process. The vector & is calculated by solving the following
equations:

EO[D - nIm] =0,

Sonln] + &i[D — oly] =0,

Eilcra ® oL,] + &[T + c1doeT ) @ D — 71, m] + &[c1d2U° @ a @ 1)
+&[eR° @ a® Iy + &[S° ® I, ® I,,,] = 0,

&ild1y ® 0 L] + &a[d1doT® @ 7 @ Ln] + &[(U + didaU%) ® D — 7Ly
+&[d R @y ® L) + &[S° @ Iy, @ 1] = 0,

£a]eaT @ B® L) + &3[c2U° @ B® L] + E4[R @ D — 71 ym)

+&[8° @ I, ® I,,] = 0,

E[T6@ Iy, @ L] + &[S © (1T + c1d26,T’) @ D]

+&6[11 ® c1d20:U° @ a1 @ L] + &7 @ 105 R° @ aq @ I,,,] = 0,

&[0 @ I, @ L) + & @ d1deb T @ y1 @ Iy

+&6[S @ (02U + dyda03U°v,) @ D) + &4[I @ di03R° @ v1 @ I,,] = 0,
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T8 @ Iy @ L] + &5[11 ® 261 T° @ 1 @ Iy
+&6[1 ® 26,U° @ By @ Iy] + &7[S @ 03R @ D] = 0.

subject to normalising condition

(50 + gl)em + 526n1m + §3€n2m + €4en3m + €5€ln1m + gﬁeanm + £7eln3m =1

After some of the algebraical manipulation, the stability condition £ Age < £ Ase which
is turns to be

{60 + &) [Drem] + &2len, ® Diem] + &3[en, ® Diem] + Ealen, ® Dien]
+&5[e1 @ en, ® Dien] + &oler @ en, @ Dien] + &rler ® eny @ Dien]}

< {&l¢Ln] + 52[d2T0 ® em] + &3 [d2U0 ® em] + 54[R0 ® L]

+&sler ® dabh T° @ em] + Eoler @ daBaU° @ e

+&7ler @ 03R° @ €]}

4.2  Analysis of steady-state probability vector

Let us take the variable x be the steady-state probability vector of Q and it is partitioned
as x = (X, X1, X2, ...). Mention that xo is of dimension (3m + Im), X1, X2, X3, ... are
of dimension (2m + nym + nom + nym + Inym + Inam + Ingm). Then, the vector x
satisfies the condition xQ = 0 and xe = 1.

However, when the stability condition has been satisfied and the subvectors of x
except for Xy and x; commensurate to the different level states are given by the equation

X; = Xleil,j 2 2

where the rate matrix R denotes the minimal non-negative solution of the matrix
quadratic equation as R2Ay + RA; + Ao = 0. Since our system is stable and the square
matrices Ag, A1, Ao whose row sums are equal to zero, then the rate matrix R is
a square matrix of order (2m + nym + nom + ngm + lnym + Ilnam + Ingm), it is
obtained from the above quadratic equation and also satisfies the relation RAze = Age.
The sub vectors x¢ and x; has been acquired by solving the following equations

X()BQO + XlBlo =0.
XQB()1 + X1 (A1 + RAQ) =0.

subject to the normalising condition is
Xpe1 + Xl(I - R)7162 = 1.

Thus, the R matrix could be calculated mathematically using essential steps in the
logarithmic reduction algorithm.
For later use, we could make partition as

Xo = (Uo0, Uo1, Uo2, Uo3) and X; = (U0, Vi1, Vid, Vss, Vi, Vit, Vis, Vig) > 1

such that their dimensions are specified in Table 1.
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Table 1 Vector notation vs. dimension

Vector notation Dimension
uor(k =0,1,2) m
03 Ilm
vi(k=0,1) m

Vi4 nim
Vi5 nam
Vie nsm
Vit Inim
Vi8 lngm
Vi9 ln3m

The interpretation of the vectors in the steady-state is as follows:

ugo  the main server is on vacation with there is no customer in the system and the
arrival is considered in any one of m phases

up;  the main server is doing the start-up process with there is no customer in the
system and the arrival is considered in any one of m phases

upz  the main server is being idle with there is no customer in the system and the
arrival is considered in any one of m phases

ups  the standby server is being idle while the main server is under phase-type repair
process with there is no customer in the system and the arrival is considered in
any one of m phases

vio  the system has precisely ¢ (¢ >1) customers with the main server is on vacation
and the arrival is considered in any one of m phases

v;1  the system has precisely ¢ (¢ >1) customers with the main server is doing
start-up process and the arrival is considered in any one of m phases

vi4  the system has precisely ¢ (¢ >1) customers in which the main server is offering
mode I service with the arrival and service process are considered in various
phases

v;5  the system has precisely 7 (¢ >1) customers in which the main server is offering
mode II service with the arrival and service process are considered in various
phases

v;6  the system has precisely ¢ (¢ >1) customers in which the main server is offering
additional service with the arrival and service process are considered in various
phases

vi7  the system has precisely ¢ (¢ >1) customers in which the standby server is
offering mode I service during the main server is under phase-type repair
process with the arrival and service process are considered in various phases

v;g  the system has precisely i (¢ >1) customers in which the standby server is
offering mode II service during the main server is under phase-type repair
process with the arrival and service process are considered in various phases
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v;9  the system has precisely ¢ (¢ >1) customers in which the standby server is
offering Additional service during the main server is under phase-type repair
process with the arrival and service process are considered in various phases.

The following equations which are incurred from the quasi-birth-and-death process of
the infinitesimal matrix Q,

00[Do — Nln] + v10[CLm] + v14[doT® @ Iy)] + v15[doU° @ I,,)]
+v16[R° ® I,,] = 0.

oo [nLm] + uo1[Do — ol,,] = 0.

uo1[0Ln] + uo2[Do] + u03[S° @ I,,] = 0.

u03[S @ Do) + vi7[I} @ dob1 T° @ I,] + vig[l} @ d262U° @ I,,,]
+ug[l; ® 03R° ® I,,,] = 0.

oo [D1] + vi0[Do — (0 + () In] + v20[¢Im] = 0.

uo1[D1] + vio[nIm] + v11[Do — o] = 0.

ugz[cra ® Di| +vi1[cra ® ol,,] + v14[T ® Do — 71 m)

+017[S° @ I, ® Iy] + vouale1doeTa @ Iy + va5[c1d2U° @ a @ I
+us[c1 R @ a ® I,,] = 0.

uo2[d1y @ D] + vii[diy @ 0lm] + v15[U @ Do — 71y m]

+018[S° @ I, ® In] + v24[d1doT® @ ¥ @ I,y,] + v25[d1doU%y @ I,,]
+ug6[di R® @ v ® I,,] = 0.

V14[caT° ® B ® Iy] + v15[c2U° ®@ B ® Iy] + v16[R @ Do — Tluym)
+U19[SO ® Iy ® Im} =0.

o3[l ® cra; @ Dy] + v14[70 @ L, @ Iy,] + v17[S ® 01T @ Dy
+va7[l} @ c1d261 TPy @ I,,] + vog[l} @ c1d20oU° @ g @ I,,]
+v[l} ® ¢103R° ® g ® I,,,] = 0.

ug3[li @ diy1 @ D1 +v15[76 @ L, ® I;m] + v18[S @ 02U & Dy
+vo7[l; ® didob1T° @ y1 @ Iy] + vas[l} @ didaBoU 1 @ I,
+v99[l; @ d103R° @ v1 @ I,,,] = 0.

vi-o D1l + vgioy [Do — (1 + O Lm] + vi(i+1)03 [(Im] = 0, i > 2.
U{(i—l)l}[Dl] + Vi) [nLn] + U{“}[DO —ol,]|=0, i>2.
V{(i—1)a}Iny @ D1] +vgnylera ® oly] +vay [T © Do — 71y m]
+viry [SO ®In, @ I + V{(i+1)4} [CldgToa ® Inm]
+v{(i+1)5}[c1d2UO ® a® Iy + v{@t1)6} [aR°®a® I, =0, i>2.
V{(i—1)5} [Inz X Dl] + U{i1} [dl’y X O’Im] + V{i5} [U @ Dy — TIn2m]
‘H’{(is)}[so ® I, ® I, + U{(i+1)4}[d1d2TO Qv L]
+ugisnsp[didoU% @ Iy] + visnyey[diR° @ 1] =0, 0> 2.
Vi(i—1)6} Lng ® D1] + viay [2T° ® B & L] + viisy [2U° @ B @ I,y,]
+0(i61 [R B Do — Tlogm] + v4ioy [S° @ Iy ® Iy] =0, i > 2.
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V{(i—1)7} ([} ® I,, ® D] + v{i4}[7'5 ®In, @ In] + VT [S® 6, T ® Dy)
+ugnn [l ©® e1deb1 TP @ L] + vgig1)sy [ ® €1d202U° @ o @ Iy,]
+ogsnopli ® c10sR° @y ® I, ] =0, i > 2.

V(i-1)8} 1 @ Iny @ D1] + 05y [T6 @ Iny @ Iip] + (s} [S @ 62U @ Do)
+ugann [l ® didef T® @ 1 ® L] + vgig1)sy I @ dida8oU%y1 @ Iy]
Fogrnyop D @ di0sR® @y @ Iy) =0, 0> 2.

V{(i—1)9} 1 ® Iny @ D1] + 0436} [T @ Inyer,,]

+opn L ® 201T° @ B1 @ L] + viasy I ® c202U° @ By ® Iy,]

g0} [S @ OsR@® Dol =0, i > 2.

subject to normalising condition

oo oo
[woo + w01 + wo2]en + [uos]erm + Z[%‘o + vitlem + Z[Uiél]enlm
i=1 i=1

+ Z['Uif)]enzm + Z[Uiﬁ]engm + Z[Ui7]eln1m + Z[’UiS]elngm
i=1 =1 i=1 i=1
+Z[vi9]eln3m =1
i=1

4.3 Computation of R matrix

There are so many algorithms for finding the rate matrix R. However, here we have
given two algorithms.

4.3.1 lterative algorithm

One can easily evaluate the rate matrix using the recursive procedure as follows:

o Step 0
R(0) =0.
o Step 1

R(n+1)=Ag(A1)" '+ R?(n)A2(—-41)"1,n=0,1,2,3, ...
Continue Step 1 until ||[R(n+ 1) — R(n)||e < €.

4.3.2 Logarithmic reduction algorithm

Logarithmic reduction algorithm is developed by Latouche and Ramaswami (1993)
which have fast convergence and here we list steps involved in the logarithm reduction
algorithm as follows:
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Step 0

H <+ (—A)'Ap, L + (—A)) 14y, G=L,and T = H.
Step 1

U=HL+LH

M = H?

H«+ (I-U)"1

M « L?

L+ (I-U)"!

G+~ G+TL

T+ TH

Continue Step 1 until ||e — Ge||w < €.
Step 2
R= —Ao(Al + A()G)71

Analysis of the busy period

A busy period is nothing but the interval between the customers arrives into the
empty system and afterward the first interval once again the system becomes
empty. So, it is the first passage from level 1 to 0. The busy cycle describes the
first return time to level 0 with at least one visit to a state at any other level.

Prior to examining the busy period, we introduce an overview of the fundamental
period. Under consideration of the QBD process, it is the first passage time from
level 7 to level j — 1,5 > 2.

The cases j = 0,1 corresponding to the boundary states have to be discussed
individually. Note that for each and every level j, 7 > 1 there corresponds
(2m 4+ nim + nam + nzm + Ilnym + Inagm + Ingm) states. Thus by the state
(4,k) of level j, we mention that the k™ state of level j when the states are
arranged in alphabetical order.

Let us denote G (u, X) be the conditional probability that it starts in the state
(j, k) at time ¢ = 0, then the QBD process visits the level j — 1 but not later than
time x, we can make changes to w transitions to the left and also entering the
state (4,%').

Let us introduce the concept of the joint transform

Gkk/ (z,8) Z “/ “FdGrr (u,x) ;| 2 |< 1, Re(s) > 0.

and the matrix is denoted as G(z, s) = Gy (2, s) then the above-defined matrix G/(z, s)
satisfies the equation
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Gz, 8) = 2(ST — A1) " Ag + (ST — Ay) T AgG? (2, 5).

The matrix of G = G = G(1,0) would be taken for the first passage times, exclude
for the boundary states. If we already know the matrix R then we could find the matrix
G using the result

G = *(Al + RAz)ilAg.

Otherwise, we may use the concept of a logarithmic reduction algorithm method to find
the values of the G matrix.

Notations of boundary level states for busy period
° G;:,C’,O ) (u,x) indicates the conditional probability is discussed for the first passage
time from level 1 to level O at time ¢ = 0.

. Gg;g’,o ) (u,x) indicates the conditional probability is discussed for the return time to
level 0.

e [Fy; indicates the average first passage time from the level j to level j — 1, given
that the process is in the state (j, k) at time ¢ = 0.

. Iﬁl indicates the column vector with entries IFy;.

e Ty; indicates the average number of customers to be served during the first
passage time from level j to level j — 1, given that the first passage time begins
in the state (j, k).

° ]P:Q indicates the column vector with entries [Fy;.

11?5170) indicates the average first passage time from level 1 to level 0.

° ]l_?él’o) indicates the average number of service completed during the first passage
time from level 1 to level 0.

. H}egop) indicates the first return time to level 0.
° F;O’O) indicates the average number of service completion in between first return

time to level 0.

The following equations which are given G119 (z,s) and G0 (z,s) are for the
boundary levels 1 and 0 respectively.

GO (z,5) = 2(SI — A1) ' Bio + (ST — A1) "' 4eG (2, 5)G 10 (2, 5)
G(0.0) (z,8) = (ST - Boo)_1301é(1’0)(2>3)

Thus, the following instances are calculated using the matrices as G, 5(070)(1,0) and
G119 (1,0) are stochastic in nature.

Fi=— %5?(2, 5) e=—[A1+ Ag(I +G)] tes (M

z=1,s=0
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L9~
Fo = 2 G(z,5) e=—[A1 + Ao(I + G)] ' Azes 2)
0z z=1,5=0
L 0 ~ 7
FOO = - 5,607 (z09) e = —[A; + AgG] " (AFy + e2) 3)
z=1,5=0
a ~ —
F(1.0) 5-GO(z,5) e = —[A1 + AoG] ' (A¢F; + Biger) )
z=1,s=0
7#(0.0) G*0(z, s) e= —30071[3011_?51’0) + e1] ®)
0s z=1,5=0
FyO = aﬂé(o’o)(z, s) e = — By [BuFS"). (6)
z z=1,s=0

6 Measures of system performance

We investigate the qualitative behaviour of our model under a steady state. In this
section, we itemised a few performances of the characteristics of system measures along
with their expressions for computation as follows,

e  The probability that the main server is on vacation
Py =3 xo0s DY Xpose = Xo ea(1) +x:(1 = R) " ea(1)
s=1 p=1s=1
e  The probability that the main server is doing the start-up process
PS = ZXOLG —+ Z prls = Xp 61(2) + Xl(I — R)71 62(2)
s=1 p=1s=1
e  The probability that the main server is being idle
Puyr =) Xozs = Xo €1(3)
s=1
e  The probability that the standby server is being idle
l m
Psi =3 ) Xo3gs = Xo €1(4)
g2=1s=1

e  The probability that the main server offering mode I service

co nip m

PMBI — Z Z pr4rls - Xl(I - R)71 62(3)

p=1r;=1s=1
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e  The probability that the main server offering mode II service

oo MNna

Pyprr = Z Z pr5rgs =x1(I —R) " ex(4)

p=1ry=1s=1

e  The probability that the main server offering additional service

co n3 m

PMBA - Z Z pr6rgs - XI(I - R)_l 62(5)

p=1rz=1s=1
e  The probability that the standby server offering mode I service
oo l ny m
Pspr=2_,>, 2, D %omns =%l -~ R)™ es(6)
p=1g2=1r1=1s=1
e  The probability that the standby server offering mode II service
o) l ng m
Psprr = Z Z Z ZXpSV'gs =x1(I — R)™" ex(7)
p=1ga=1re=1s=1
e The probability that the standby server offering additional service
%) l ng m
Poss =330 35 3w =T B )
p=1¢ga=1r3=1s=1
e  The probability that the main server is being busy
Py = Pygr + Puprr + Pupa
e  The probability that the standby server is being busy
Psp = Pspr + Pspir + Pspa

e  Expected number of customers in the system

oo

Esystem = ZP Xp € = X1 (I - R>_2 €2

p=1

e  Average number of customers in the queue

Eoueve =x1(1 — R)™2[ea(1) + €2(2)] + X1 R(I — R) ™2 [ea(3) + ea(4) + ea(5)]
+x1R(I — R)™2 [e2(6) + e2(7) + e2(8)]

e  The rate at which impatient behaviour of reneging customers

B =[S wor] = Bl - B el

p=1s=1
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7 Cost analysis

Now we are imposing a cost associated with few characteristics of performance
measures of the system for our model under study, we construct a cost function TC is
defined by:

TC = CyEsystem + Cv Py + CsPs + Crrr Ppyr + Cs1Pst + CyvsrPuBr
+ CyBrrPuprr + CyvpaPyupa + CsprPspr + CsprrPsprr
+ CspaPspa +0C1 +7Co + 61C3 + 63C4 + 63C5 + 0161C6 + 0262C7
+ 0363Cs + ¥Cy + BCyy

where

TC total cost of the system per unit time

Cy holding customers per unit time for each customer in the system

Cy cost incurred during the main server is on vacation

Csg cost incurred due to the main server doing start-up process

Cur cost incurred due to the main server being idle

Csr cost incurred due to standby server being idle while the main server under

phase-type repair
CyrBI cost incurred during the main server being busy with mode I service
Cyprr cost incurred during the main server being busy with mode II service
Cuia cost incurred during the main server being busy with additional service

Cspr cost incurred during standby server being busy with mode I service while
the main server under phase-type repair

Cspir cost incurred during standby server being busy with mode II service while
the main server under phase-type repair

Cspa cost incurred during standby server being busy with additional service while
the main server under phase-type repair

Ch cost incurred for start-up process of the main server

Co cost incurred for the main server struck with a breakdown during a busy
period

Cs cost incurred by the main server for providing mode I service

Cy cost incurred by the main server for providing mode II service

Cs cost incurred by the main server for providing additional service

Cs cost incurred by the standby server for providing mode I service

Cy cost incurred by the standby server for providing mode II service

Cs cost incurred by the standby server for providing additional service
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Cy cost incurred for the main server rejuvenated from repair

Cho cost incurred due to impatient behaviour of reneging customers.

8 Analysis of waiting time distribution

In this section, we perform an analysis of the distribution of the waiting period of
a customer who arrives in the queueing line using the first passage time analysis.
Let W (t) indicates the distribution function of the waiting time is to consider the
incoming(tagged) customer to the queueing line. If the server is idle when any customer
arrives, then there is no delay in getting the service from the server, or else if the server
is busy or on vacation, they have to wait in the queueing line for the aim of getting
service from the server.

Let us introduce the absorption time in a Markov chain with state space is given by

Q=(x)u{0,1,2,3,4,..}.

On entering into the absorbing state (), which corresponds to the tagged customer will
begin to receive service without waiting and the absorbing state is defined as follows:

() ={(0,2), (0,3)}

The level state 0 is as follows,

{(0,0), (0,1)}

for p > 1, the level state for p is given by

0

p=1p,q1): 1 =0,1} U{(p,4,r1): 1 <r <y}
U{(p,5,72) : 1 <1y <mg}
U{(p,6,7r3) : 1 <r3 <mns}
U{(p,7,q2,7m1) : 1 < e < ;1 <1 <ng}
U{(P,8,q2,72) : 1 < g2 < ;1 <1y <mp}
U{(p,9,q2,73) : 1 < g2 < 1;1 <13 <ng}

The transition matrix @ of the absorbing Markov chain is given by

o 0 o0 o0 o0 O

Eob Lo 0 0 0 0

Ey Ly Ly 0 0 O

é _ 0 0 Lz Ly O g

0 0 0 Lz Ly

where its entries of @ are as follows:
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[ — 0
Eo=|", Lo=17
0 _0_:| ) 0 |: 0 —al’
- 0 - - C 0
0 0 0
0 d2T° 0
0 d2U° 0
Fy = Ly =
1 0 9 2 RO 0 9
€] (024 d291T0 0 0
e X d292T0 0 0
| e ® 93R0 | i 0 0_
[—(¢+n) 7 0 0 0 0 0 0
(1] —0 o diovy 0 0 0 0
0 0 T-11I,, 0 T°®B 1T0® I, 0 0
I 0 0 0 U-71l, cU’®p 0 TR Iy, 0
1= 0 0 0 0 R—7l,, 0 0 76 @ I,
0 0 S°®1I,, 0 0 Saeo,T 0 I ® 20, T° ® By
0 0 0 SO® I,, 0 0 S®OU I ®cafoU’ @ By
| 0 0 0 0 50® I, 0 0 S®fsR |
_( 0 0 0 0 0 0 0]
0 0 0 0 0 0 0 0
0 0 CldQTOOZ dldQTO ®’Y 0 0 0 0
Lo — 0 0 cidbU%®a  didU% 0 0 0 0
5710 0 R'®a  dR°®y 0 0 0 0"
0 0 0 0 0 Il ®cld291T0a1 I[ ®d1d291T0®’Y 0
0 0 0 0 0 Il ® CldgerO ® g Il ® dldgegUo’yl 0
_0 0 0 0 1] Il ®(’,103R0 ®0{1 Il ®d193R0®’71 0_
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Let us define z(0) = (zo(0), z1(0), z2(0), z3(0), ...) which is the conditional probability
distribution of the state of system defined on the arrival of the tagged customers and
the vector zo(0) can be further partitioned as follows:

2(0) = (200, 201)

However, the arrival process follows the Markovian property and it is observed that the
arrival stationary probability distribution of the system size is as follows:

-Dlem
Zok = Uk ) ) k= 07 1
fori > 1,
[ Dlem
2;(0) = X; | L2104y +ng+ing +ins+ing @ —

where A indicates the fundamental arrival rate of the MAP. Now, let us define z(t) =
(z4(t),20(t), 21(t), Z2(t), 2z3(t),...), where z;(t) is a row vector of order {1 x (2+
ny +ne +ng +Ing + Ilng +Ing)}, where ¢ > 1 and zo(t) is a (1 x 2) vector. The
components of z;(t) are the probabilities that at time ¢, the continuous-time Markov
chain of the respective states of level 7 with the generator @ Here, z.(t) is the
probability that the process is in the absorbing state at time ¢. Clearly, W (t) = z.(t),
for t > 0.
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The differential equation z/(t) = z(¢)Q where ¢ > 0 becomes

1
> it
=0
(t) 7y t)LO +17; (t)LQ
z;(t) = z;() L1 + Zi41 () L3, for i>1
where ’ denotes the derivative with respect to t.

The Laplace-Stieltjes Transform (LST) of the first passage time to level 1 is
specified by the row vector w(s) is as follows,

s) = le‘(o)[(é’f — Ly) 7' Ls)" ! (7)

Let the LST of the absorbing time to the state (%) commensurate the process begins at
state level ¢ = 0, 1, it would be indicated by ¢(i, s). Hence, we have

$(0,5) = [sI — Lo] "' Ep (®)
o(1,8) = [sI — L1] *Lag(0,8) + [sI — L] ' E; ©)

Thus, we observe that the LST for the distribution of waiting time W(s) is given by

W (s) = 20(0)(0, 5) + w(s)o(1, 5). (10)

8.1 Expected waiting time

The expected waiting time is specified by
E(W) = ~W'(0) = ~20(0)8'(0,0) — ' (0)e5 — w(0)&'(1,0). (11)

Suppose if the system is in the level state 4 = 0, then the average time to enter the
absorbing state () is denoted by the first term of equation (11). Likewise, if the system
is in the level state ¢ > 1, then the average time to enter the absorbing state (x) is
denoted by the last two terms of equation (11).

On differentiating (8), (9) and substitute s = 0, we get

= (—=1)[~Lo] *Eo (12)
¢'(1,0) = (=1)[~L1]"*L2h(0,0) + [~ L1] "' L2¢/(0,0) — [~ L1] 2 Ex (13)

L

—~

<o

=)

=
|

By making use of the expression (12) together with the primary condition z(0) =
(20(0),21(0),22(0),z3(0), ...), one can easily determine the first term of (11). Then from
equation (7), we have

=> z(0)K"! (14)
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where K = [—L1]~'Ls. Since K is a stochastic matrix, we have
w(0)es =1 — z(0)e. (15)
With the help of the expressions (13) and (14) together with the primary condition

2o = (20(0), z1(0), z2(0), ...), one can evaluate the last term of (11). On differentiating
(7) and take s = 0, we get

S(O0) = ()Y 201 (0) S K[ L] K (16)
i—1 =0

Since K is stochastic in nature, we have
o] i—1 .
(1) (0)es = > 2i41(0) Y KI[—Ly] "es. (17)
i=1 j=0

We can compute the value of (—1)w’(0)es. Now, let us consider the stochastic matrix
K5 such that I — K + K> is the non-singular and generalised inverse of the form (I —
K) and K is irreducible (see Kemeny and Snell, 1960), then the matrix K maybe
chosen as Ky = eskg, where kg is the stationary probability vector of K such that
koK = ko and kges = 1. Moreover, the following expression has the property that
KKy = K3 K = K. Then we get,

i—1
S KI(I-K+Ky)=1-K'+iK,, for i>1. (18)
=0

Substituting (18) in (17) and after doing some of the simplifications we will get as
follows,

(—=1)w'(0)es = {xl(I —-R)!

Dlem
Do ynytnotns ting +ingting @ —— | — w(0)

+xR(I —R)™?

Die, (19)
DIiny 4 nptns+ing +ing+ing @ h\ ]Kz}

x [ — K+ Ko '[~Li] tes

Hence, we have calculated all the terms of (11) and therefore we could easily compute
the expected waiting time.

9 Numerical results

In this part, we analyse the model behaviour in the form of numerical and graphical
illustrations. The following five different types of MAP representations have a different
structure of variance and correlation. Consider the first three types of arrival processes,
namely ERLA, EXPA and HYP-EXPA corresponds to renewal processes and therefore
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their correlation is 0. The arrival process of MAP-NC and MAP-PC are correlated
arrivals with the correlation between two successive inter-arrival times are given by
—0.4889 and 0.4889. These five arrival processes have coefficient of variation of
intervals between arrivals of 0.3333, 1, 5.0388, 1.9868, and 1.9861. These five sets of
arrival values are taken as input data and these values are incurred from the works of
Chakravarthy (2010).

o  Arrival in Erlang (ERLA):

-3 3 0 0 0 0
Dy=|10 -3 3|, Di=1]0 0 O
0o 0 =3 3 00

o Arrival in exponential (EXPA):
Dy=[1], Di=[1

o Arrival in hyper-exponential (HYP-EXPA):

[—1.90 0 1.710 0.190
Do = |0 —0.19]’ D= {0.171 0.019}
o Arrival in MAP-negative correlation (MAP-NC):
[—1.00243  1.00243 0 ] [0 0 0
Dy = 0 —1.00243 0 , Dy =10.01002 0 0.99241
| 0 0 —225.797 | [223.539 0 2.258 |
e Arrival in MAP-positive correlation (MAP-PC):
[—-1.00243  1.00243 0 [0 0 0
Dy = 0 —1.00243 0 , D1 =1099241 0 0.01002

0 0 —225.797 | | 2.258 0 223.539]

Let us consider three phase-type distributions for the service process. The normalisation
of these three representations has been made to obtain both the service times and repair
times with representations d1, do, 03 and W. We will use the notations ERLX, EXPX and
HYP-EXPX respectively for Erlang, exponential and hyper-exponential cases dealing
with X-type distribution where X=S, R depending on whether the services or repairs
are under consideration. Hence, EXPS corresponds to services that are modelled using
exponential, whereas HYP-EXPR corresponds to hyper-exponential repairs. These sets
of service values are taken as input data incurred from the works of Chakravarthy
(2010).

o FErlang (ERLX):

a=y=f=5=(1,0), T=U=R=5= {_02_22}

e  Exponential (EXPX):
e Hyper-exponential (HYP-EXPX):

a=y=8=56=(08,0.2), T:U:R:S:{—zso 0]

0 —0.28
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Hlustrative Example 9.1
Consider the effect of breakdown rate of main server (7) versus the expected number of
customers in the system (Esystem ). We choose A = 1; 61 = 3; 02 = 3; 03 = 2; 61 = 0.8;

0 =08;05=07 V=8 n=2;(=3;¢0=0.5; dp =0.5;, 0 =2; cg =0.6; do =
0.4.

Table 2 Breakdown rate of the main server vs. Egystem — Etlang service

. ERLS
ERLA EXPA HYP-EXPA MAP-NC MAP-PC

0.2 1.238200 1.671396 3.575535 1.800199 87.611276
0.6 1258173 1709399 3.714660 1.840488 90.429772
1.0 1277551 1746354 3.850494 1.879648 93.162437
1.4 1296365 1782304 3.983086 1.917724 95.813207
1.8 1314643 1.817289 4.112495 1.954757 98.385776
22 1332409 1.851344 4238789 1.990789 100.883614
2.6 1349687 1884508 4362040 2.025857 103.309981
3.0 1366500 1.916812 4.482325 2.060000 105.667947
3.4 1382868 1.948291 4599721 2.093250 107.960405
3.8 1.398808 1.978973 4714309 2.125643 110.190083
42 1.414340 2.008888 4.826168 2.157209 112.359557
46 1.429479 2.038064 4.935377 2.187979 114.471261
5.0 1444242 2.066528 5.042014 2.217982 116.527496
5.4 1458642 2.094305 5.146156 2.247246 118.530443

Table 3 Breakdown rate of the main server vs. Egystem — €xponential service

T EXPS

ERLA EXPA HYP-EXPA MAP-NC MAP-PC
0.2 1.387374 1.840607 3.835346 1.958794 87.779613
0.6 1.415465 1.887056 3.983858 2.007192 90.607041
1.0 1.442798 1.932263 4.128756 2.054285 93.348438
14 1469404 1976272 4270111 2.100119 96.007739
1.8 1.495311 2.019126 4.408000 2.144738 98.588638
22 1.520546 2.060867 4.542507 2.188187 101.094604
2.6 1.545134 2.101533 4.673720 2.230506 103.528901
3.0 1.569099 2.141164 4.801728 2271735 105.894599
3.4 1.592464 2.179796 4.926622 2311913 108.194595
3.8 1.615250 2217463 5.048493 2.351077 110.431620
42 1.637478 2.254200 5.167430 2.389263 112.608256
4.6 1.659168 2.290039 5.283521 2.426504 114.726939
5.0 1.680339 2325010 5.396855 2.462834 116.789977

5.4 1.701008 2.359143 5.507516 2.498283 118.799555
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Table 4 Breakdown rate of the main server vs. Egystem — hyper-exponential service

- HYP-EXPS
ERLA EXPA HYP-EXPA MAP-NC MAP-PC

0.2 2.456263 2.958756 5.282026 3.065762 88.931713
0.6 2.538514 3.059664 5.487963 3.168622 91.815290
1.0 2.618850 3.158109 5.688712 3.268922 94.611539
1.4 2.697309 3.254153 5.884408 3.366729 97.324411
1.8 2.773933 3.347859 6.075189 3.462112 99.957615
22 2.848765 3.439291 6.261196 3.555140 102.514643
2.6 2.921850 3.528512 6.442571 3.645883 104.998782
3.0 2.993232 3.615587 6.619453 3.734408 107.413129
34 3.062956 3.700577 6.791981 3.820783 109.760609
3.8 3.131069 3.783547 6.960291 3.905074 112.043981
4.2 3.197615 3.864555 7.124515 3.987346 114.265854
4.6 3.262637 3.943662 7.284785 4.067661 116.428697
5.0 3.326181 4.020926 7.441225 4.146082 118.534845
54 3.388287 4.096403 7.593958 4.222666 120.586514

The observation from Tables 2, 3 and 4 as follows:

o The observation from the effect of an increase in the breakdown rate of the main
server which leads to the Fgyssenm increases for the precise combinations of
arrival and service times.

e  While an increase in breakdown rate of the main server that is breakdown occurs
more often, it gives a detailed account of whenever the main server struck by the
breakdown immediately the standby server would interrupt and take over the
service process at a slower service rate which leads to the Fgygsem increases
respectively.

e From the viewpoint of arrival times, MAP-PC increases tremendously and the
ERLA increases slowly for both the Fgyster,. Similarly, the observation from the
viewpoint of service times, the HPY-EXPS increases fastly and the ERLS
increases slowly.

Hlustrative Example 9.2

To observe the outcome of the main server’s vacation rate () versus the total cost of the
system (1T'C'). We choose A = 1; 61 = 5; o = 5; 63 = 3; 01 = 0.8; 02 = 0.8; 05 = 0.7;
c=2,=9,7=1;(=3; ¢, =0.5; d, =0.5; co = 0.6; dy = 0.4.

The overall observation from Tables 5, 6 and 7 are given below:

e  When an increase the vacation rate of the main server then the T'C' decreases for
the precise combinations of service and arrival times.

e  While enhancing the vacation rate of the main server, it will convey the detailed
account of the main server could go for a vacation when the service completion
epoch in that vacation times, the waiting customers in the system may renege
from the system which communicates the 7T'C' decreases.
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e  Observe the results of arrival times, MAP-PC largely decreases and ERLA

decreases at a minimum level. However, consider the service times, the ERLS

decreases at minimum level and the HYP-EXPS decreases much greater level

than the other service times.
Table 5 Vacation rate of the main server vs. TC' — Erlang service

ERLS
! ERLA EXPA HYP-EXPA MAP-NC MAP-PC
2 80.448591 81.370471 84.977615 81.550156 487.247239
3 79.667979 80.706331 84.574041 80.939441 486.711176
4 79.198514 80.318698 84.330171 80.597285 486.403479
5 78.883436 80.063185 84.164664 80.378508 486.205534
6 78.656874 79.881524 84.044155 80.226648 486.068006
7 78.485981 79.745494 83.952125 80.115130 485.967088
8 78.352444 79.639699 83.879365 80.029796 485.889965
9 78.245215 79.555000 83.820296 79.962412 485.829152
10 78.157220 79.485622 83.771331 79.907867 485.779994
11 78.083714 79.427731 83.730046 79.862817 485.739446
12 78.021396 79.378677 83.694745 79.824987 485.705437
13 77.967897 79.336572 83.664199 79.792774 485.676509
14 77.921472 79.300030 83.637499 79.765014 485.651605
15 77.880808 79.268013 83.613955 79.740847 485.629942
Table 6 Vacation rate of the main server vs. T'C' — exponential service
EXPS

! ERLA EXPA HYP-EXPA MAP-NC MAP-PC
2 80.787137 81.896856 86.024836 81.962848 487.736869
3 80.020331 81.256603 85.657285 81.366831 487.205481
4 79.556469 80.880247 85.430477 81.032134 486.900266
5 79.244204 80.630955 85.274397 80.817893 486.703917
6 79.019312 80.453081 85.159618 80.669098 486.567523
7 78.849551 80.319519 85.071305 80.559798 486.467461
8 78.716860 80.215413 85.001073 80.476148 486.391012
9 78.610306 80.131918 84.943788 80.410087 486.330745
10 78.522875 80.063423 84.896116 80.356611 486.282039
11 78.449854 80.006196 84.855790 80.312442 486.241872
12 78.387962 79.957653 84.821213 80.275353 486.208190
13 78.334842 79.915946 84.791222 80.243769 486.179543
14 78.288758 79.879720 84.764953 80.216553 486.154886
15 78.248403 79.847956 84.741746 80.192859 486.133441
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Table 7 Vacation rate of the main server vs. T'C' — hyper-exponential service

HYP-EXPS

! ERLA EXPA HYP-EXPA MAP-NC MAP-PC

2 83.713786 85.309313 91.590150 85.065686 491.155637
3 83.098817 84.833300 91.444015 84.562095 490.661927
4 82.703138 84.535864 91.324691 84.269593 490.374044
5 82.426874 84.330833 91.229269 84.078862 490.187433
6 82.223269 84.180333 91.152106 83.944878 490.057228
7 82.067207 84.064891 91.088688 83.845712 489.961437
8 81.943928 83.973399 91.035739 83.769414 489.888114
9 81.844184 83.899030 90.990903 83.708927 489.830235
10 81.761890 83.837347 90.952464 83.659819 489.783414
11 81.692876 83.785333 90.919150 83.619167 489.744776
12 81.634197 83.740863 90.890003 83.584968 489.712357
13 81.583713 83.702397 90.864288 83.555804 489.684775
14 81.539832 83.668787 90.841433 83.530643 489.661027
15 81.501348 83.639165 90.820985 83.508716 489.640367

Hlustrative Example 9.3

To examine the impact of start-up rate of main server (o) versus the Total cost of the
system (T'C). We fix A=1; 1 =5; 0o =5; 03 =4; 0, =0.6; 03 = 0.6; 03 =0.5; n =
4;, UV =10; 7=2; ( =5;¢c1 =0.5; dy =0.5; co = 0.4; dy = 0.6.

A quick observation from Figure 2 as follows:

While increasing the start-up rate which is handled by the main server then the 7'C
also increases. Whenever the main server return from vacation who starts the start-up
process and when the start-up completion epoch, the main server will start service if
anyone in the system otherwise would be in the idle state up to customers arrival. In
this investigation, the combination of service times with different arrival times explicit
the HYP-EXPS increases fastly and the ERLS increases slowly. Likewise, in the same
manner, arrangements of arrival with service times the ERLA increases slowly and the
MAP-PC increases tremendously.

Hlustrative Example 9.4

To test the fundamental arrival rate of customers (\) versus the expected waiting time
(E(W)). To choose §; = 20; do = 20; d3 = 19; 61 = 0.7; 65 = 0.7; 63 = 0.6; n = 5;
U=10;7=1;{(=6;0=4; ¢, =0.5;dy, =0.5; c =0.7; do = 0.3.

The observation from Figure 3 is given.

If the fundamental arrival rate increases which deliberate the E(W) also increases
for the different combinations of arrival and service times. The queueing line increases
due to customer’s arrival increases which leads to the customer have to wait more time
to receive service from the server. However, consider the arrival times, the expected
waiting time increases highly in HYP-EXPA and slowly in ERLA except for the
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MAP-PC. In the same manner, consider the service times ERLS increases slowly and
HYP-EXPS increases much faster compared to other service times except the MAP-PC.
Now consider the MAP-PC arrival, the expected waiting time increases but all service
times collide in the same line.

Figure 2 Start-up rate vs. total cost of the system, (a) ERLA (b) EXPA (c) HYP-EXPA
(d) MAP-NC (e) MAP-PC (see online version for colours)

T T T T T T T T
—a— Ey/Ey, Ex, B /1 —a— M /Ey, Ey, Ex/1
051 —— Ey/M,M,M/1 || —— M/M,M,M/1
Ey/Hy, Hy., Hi /1 05| M /Hy, Hy, Hy./1 ||
&) 90 - b ¢}
& S i
85 - b
85 - B
Il Il Il Il Il Il Il Il Il Il Il Il Il Il Il Il
4 6 8 10 12 14 16 18 4 6 8 10 12 14 16 18
Startup rate (o) Startup rate (o)
(@ (b)
T T T T T T T T T
—8— Hy/Ey, Ex, Ex/1 A 2
100 |- —— Hyp/M,M,M/1 [|
Hy./Hy, Hi, Hy /1
&/ Hy, Hi, Hi/ 051 o
95 - b
) O
& S o0 8
90 - B
85 - B
8 & 4
Il Il Il Il Il Il Il Il Il Il Il Il Il Il Il Il
4 6 8 10 12 14 16 18 4 6 8 10 12 14 16 18
Startup rate (o) Startup rate (o)
(© (d)
T T T T T
—m— MAP-PC/Ey, Ex, Ex/1
3751 —+— MAP-PC/M,M,M/1 ||
MAP-PC/Hy, Hy,, H, /1
N 370 - b
O
&
365 - B
360 L | | ! I I I [
4 6 8 10 12 14 16 18

Startup rate (o)

()



114 G. Ayyappan and K. Thilagavathy

Figure 3 Fundamental arrival rate vs. expected waiting time, (a) ERLA (b) EXPA
(c) HYP-EXPA (d) MAP-NC (e) MAP-PC (see online version for colours)
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Hlustrative Example 9.5

To see the features of the main server’s vacation rate () and additional service rate (03)
versus the expected number of customers in the system (Egysiem). We prefer A = 1;
01=4; 02=4;0,=08;0=08;03=07, V=7, (=7, 7=2; 0 =3; ¢, =0.5
dl = 057 Cy = 06, d2 =0.4.
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The overall observation from Figures 4, 5 and 6.

We increase the values of both the main server’s additional service rate and
vacation rate, the Fgy s, decreases with various groupings of arrival and service times.
Whenever the main server completes the additional service to the customer, the main
server checks if there is any customer in the system suppose if there is no customer
in the system the main server immediately goes on vacation. Due to the main server
increase the additional service rate the Fyy e decreases likewise increase the vacation
rate of the main server in that situations reneging may happen so that is also the reason
for the decrease in the Fgystem . Let look at the service times, the HYP-EXPS decreases
quickly and the ERLS slowly decreases. Similarly, in the arrival times, the ERLA
decreases slowly and MAP-PC decreases fastly.

Hlustrative Example 9.6

We determine the comparison of the mode I service rate of main server (J;) and start-up
rate of main server(o) versus the expected waiting time (E(W)). We fix A=1; §, = T;
03 =06;01 =070 =0.7;03=0.6; V =10;n=8; ( =6; 7 = 2; ¢ = 0.5; dy =0.5;
Co = 0.6; d2 =04.

The overall observation from Figures 7, 8 and 9.

While maximising the values of both the main server’s start-up rate and mode I
service rate simultaneously then the expected waiting time decreases with the distinct
combinations of service and arrival times. When the vacation completion epoch, the
main server does the start-up process and then offers any one of the modes of service
to the customers which deliberates the expected waiting time decreases. From the
viewpoint of arrival times, MAP-PC decreases tremendously and the ERLA decreases
slowly likewise consider the service times, the ERLS decreases slowly compared to the
other service times and the HYP-EXPS highly decreases. An increase in the mode I
service rate and start-up rate which is handled by the main server leads to a decrease in
the expected waiting time.

1llustrative Example 9.7

We probe the consequence of the mode II service rate of standby server (A292) and repair
rate of the main server (¥) versus the Total cost of the system (7°C). To choose A = 1;
01 =10; 9o =10; 63 =9; 01 =0.6; 03=05;1=2; 0 =3; (=6; 7=1; ¢ = 0.5
d1 = 05, Cy = 05, dg =0.5.

The observation from Figures 10, 11 and 12.

While maximising both the values of the main server’s repair rate and the standby
server’s mode II service rate which leads to the increase in the T'C' for the different
groupings of service and arrival times. When the repair completion epoch the main
server would interrupt the standby server and carry over the service process whatever
the service it is. But here, when the standby does mode II service to the customers
at that epoch the main server completes the repair then immediately service process
switchover to the main server such that it deliberates the 7T'C' also increases. Let us
consider the service times, the ERLS increases slowly and HYP-EXPS fastly increases.
However, now consider the arrival times, the MAP-PC increases tremendously and the
EXPA increases slowly in comparison to all other arrival times.
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Figure 4 Additional service rate and the vacation rate of the main server vs. Egystem —
Erlang service (see online version for colours)
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Figure 5

exponential service (see online version for colours)
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Figure 6 Additional service rate and the vacation rate of the main server vs. Egystem —
hyper-exponential service (see online version for colours)
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Figure 7 Mode I service rate and the start-up rate

service (see online version for colours)

of the main server vs. E(W) — Erlang
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Figure 8 Mode I service rate and the start-up rate of the main server vs. E(W) —
exponential service (see online version for colours)
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Figure 9 Mode I service rate and the start-up rate of the main server vs. E(W) —

hyper-exponential service (see online version for colours)
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Figure 10 Mode II service rate of the standby server and the repair rate of the main server
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vs. TC — Erlang service (see online version for colours)
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Figure 11 Mode II service rate of the standby server and the repair rate of the main server
vs. TC — exponential service (see online version for colours)
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Figure 12 Mode II service rate of the standby server and the repair rate of the main server
vs. TC — hyper-exponential service (see online version for colours)
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Comparing the mode I service scenarios of main server and standby server

Figure 13 E.ystem vs. mode I service rate of main server and standby server — ERLA
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of main server and standby server of HYP-EXPA
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Figure 16 E,ystem vs. mode I service rate of main server and standby server of MAP-NC
(see online version for colours)
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Figure 17 FE,ysiem vs. mode I service rate of main server and standby server of MAP-PC
(see online version for colours)
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Figure 18 E(W) vs. mode II service rate of main server and standby server of ERLA
(see online version for colours)
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Figure 19 E(W) vs. mode II service rate of main server and standby server of EXPA
(see online version for colours)
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Figure 20 FE(W) vs. mode II service rate of main server and standby server of HYP-ERLA
(see online version for colours)
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Figure 21 E(W) vs. mode II service rate of main server and standby server of MAP-NC
(see online version for colours)
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Figure 22 E(W) vs. mode II service rate of main server and standby server of MAP-PC
(see online version for colours)
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For comparing the mode I service scenarios of the MS and the SS. For the main server’s
mode I service, we fix A = 2; 05 = 5; 03 =4;0; =0.7; 00 =0.7; 03 = 0.6; ¥ = 6; n =
3;¢(=8;7=1;c1 =0.5;dy =0.5; co = 0.4; dy = 0.6; 0 = 4. For the standby server’s
mode I service, we prefer A =2; §; =6; do =6; d3=05; 05 =0.7; 63 =0.6; ¥ =
55 n1=3,(=8 17=1; ¢ =0.5; dy =0.5; 0 =4; ¢co =0.4; dy = 0.6. From Figures
13-17, we observe that the Eygcm decreases while increasing the main server and
standby server service rate of mode I service. Consider the distinct arrangements of
arrival and service times, the expected number of customers in the system decreases
fastly during main server service and slowly during standby server service except for
MAP-PC. In the case of MAP-PC, E,, st decreases rapidly and the results of all
service times converge during main server service and decrease slowly during standby
server service compared to the main server service. Next, comparing the mode II service
scenarios of the MS and the SS. For the main server’s mode II service, we consider A =
2,601 =8;03=T7;01=05;0,=05;03=04;, 9 =12, n=9; (=T, 7=2; 0 =8;
c1 =0.5; dy =0.5; ¢co = 0.6; do = 0.4. For the standby server’s mode II service, we
fix A=2;01=8;,0=8,03=7;0,=05;03=04;, V=12 n=9; (=7; 7 =2;
o0=38; ¢c1 =0.5; dy =0.5; cg =0.6; do = 0.4. From Figures 18-22, we observe that
the E(IV) decreases when increasing the main server and standby server service rate of
mode II service with the different groupings of service and arrival times. In Figure 22,
consider the service times, the expected waiting time decrease rapidly during main
server service and it also converges but while service offering by standby server, the
expected waiting time decreases slower than the main server service. In Figures 18-21,
the E(W) decreases gradually during the main server service than the standby server
service. Therefore, while the MS or SS rendering service to the customers, the Eqysiem
and E(W) decreases due to server availability in the system.

10 Conclusions

We consider the customers whose arrival based on the Markovian arrival process
with two types of heterogeneous service, additional service in which service follows
a phase-type distribution with start-up time, standby server, impatient behaviour of
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customers, server vacation, breakdown and phase-type repair are considered in this
manuscript. We have analysed the cost analysis for optimisation of our model, waiting
time distribution and the busy period of the system for our model. By using the
numerical values of arrival and service times, we obtained tabulation of numerical values
and examined the pictorial representations of 2D and 3D graphs. However, it precisely
and clearly communicated the consequence of distinct parameters related to our model
on the performance characteristics of the system measures and optimisation of cost
analysis. The overall motivation of our model is that we have studied the situations
faced by the customers who choose their day-to-day lifestyle in the banking sector as
well as the internet banking system who are wishing to deposit or withdrawal their
transactions and the someone seek additional service. It is an interesting viewpoint and
much helpful to understand the phase-type service from the involvement of customers
either go to bank directing for using banking sector or use internet banking wherever
they are at the time of transaction service whether the main server or standby server is
available in the system.

References

Ayyappan, G. and Karpagam, S. (2019) ‘An M©X1/G(a,b)/1 queueing system with
server breakdown and repair, stand-by server and single vacation’, [Internationnal
Journal of Mathematics in Operational Research, Vol. 14, No. 2, pp.221-235,
DOI: 10.1504/IJMOR.2019.097756.

Ayyappan, G. and Udayageetha, J. (2020) ‘Transient analysis of M [Xll,M (X2 /G1,G2/1 retrial
queueing system with priority services, working breakdown, start up/close down time, Bernoulli
vacation, reneging and balking’, Pakistan Journal of Statistics and Operation Research, Vol. 16,
No. 1, pp.203-216 [online] http://dx.doi.org/10.18187/pjsor.v16i1.2181.

Bagyam, J.E.A. and Udayachandrika, K. (2011) ‘Non-persistent retrial queueing system with two types
of heterogeneous service’, Global Journal of Theoretical and Applied Mathematics Sciences,
Vol. 1, No. 2, pp.157-164, ISSN: 2248-9916.

Baruah, M., Madan, K.C. and Eldabi, T. (2012) ‘Balking and re-service in a vacation queue with
batch arrival and two types of heterogeneous service’, Journal of Mathematics Research, Vol. 4,
No. 4, pp.114-124 [online] http://dx.doi.org/10.5539/jmr.v4ndpl14.

Chakravarthy, S.R. (2010) ‘Markovian arrival process’, Wiley Encyclopaedia of Operation Research
and Management Science [online] https://doi.org/10.1002/9780470400531.e0rms0499.

Chakravarthy, S.R. and Agarwal, A. (2003) ‘Analysis of a machine repair problem with an unreliable
server and phase type repairs and services’, Wiley Periodicals, Inc. Naval Research Logistics,
Vol. 50, pp.462—480, DOI: 10.1002/nav.10069.

Choudhury, G. and Kalita, CR. (2017) ‘An M/G/1 queue with two types of general
heterogeneous service and optional repeated service subject to server’s breakdown
and delayed repair’, Quality Technology & Quantitative Management, pp.1-33 [online]
https://doi.org/10.1080/16843703.2017.1331499.

Dudin, A.N. and Nishimura, S. (1999) ‘Optimal control for a BM AP/G/1 queue with two service
modes’, Mathematical Problems in Engineering, Vol. 5, No. 3, pp.255-273.

Jain, M., Rakhee and Maheshwari, S. (2004) ‘N-policy for a machine repair system with
spares and reneging’, Applied Mathematical Modelling, Vol. 28, pp.513-531 [online]
https://doi.org/10.1016/j.apm.2003.10.013.

Kalita, P. and Choudhury, G. (2021) ‘A single server queue under random vacation policy’,
RAIRO-Operations Research, Vol. 55, pp.225-251.



130 G. Ayyappan and K. Thilagavathy

Kannadasan, G. and Sathiyamoorthi, N. (2021) ‘The fuzzy queue with single working vacation
serving at the slower rate during the start-up period’, Advances and Applications in Mathematical
Sciences, Vol. 20, No. 5, pp.761-773.

Ke, J-C. (2001) ‘The control policy of an M [X] /G /1 queueing system with server startup and two
vacation types’, Mathematical Methods of Operations Research, Vol. 54, pp.471-490 [online]
https://doi.org/10.1007/s001860100167.

Ke, J-C. (2003) ‘The optimal control of an M/G/1 queueing system with servervacations,
startup and breakdowns’, Computers & Industrial Engineering, Vol. 44, pp.567-579 [online]
https://doi.org/10.1016/S0360-8352(02)00235-8.

Kemeny, J.G. and Snell, J.L. (1960) Finite Markov Chains, The University Series in Undergraduate
Mathematics, Springer-Verlag, New York; Berlin, Heidelberg; Tokyo, Van Nostrand, Priceton,
NJ, USA.

Kumar, M.S. and Arumuganathan, R. (2008) ‘On the single server batch arrival retrial queue
with general vacation time under Bernoulli schedule and two phases of heterogeneous
service’, Quality Technology & Quantitative Management, Vol. 5, No. 2, pp.145-160,
DOI: 10.1080/16843703.2008.11673393.

Kumar, R. and Sharma, S. (2019) ‘Transient analysis of an M/M/c queuing system with retention of
reneging customers’, International Journal of Operational Research, Vol. 36, No. 1, pp.78-91.

Latouche, G. and Ramaswami, V. (1993) ‘A logarithmic reduction algorithm for quasi-birth-death
processes’, Journal of Applied Probability, Vol. 30, No. 3, pp.650-674 [online]
https://doi.org/10.2307/3214773.

Neuts, M.F. (1979) ‘A versatile Markovian point process’, Journal of Applied Probability, Vol. 16,
No. 4, pp.764-779.

Nobel, R.D. and Tijms, H.C. (1999) ‘Optimal control for an M¥/G/1 queue with
two service modes’, European Journal of Operational Research, Vol. 113, pp.610-619,
DOI: 10.1016/s0377-2217(98)0008.

Singh, C.J., Kaur, S. and Jain, M. (2020) ‘Unreliable server retrial G-queue with bulk arrival, optional
additional service and delayed repair’, International Journal of Operational Research, Vol. 38,
No. 1, pp.82-111.

Sudhesh, R. and Azhagappan, A. (2019) ‘Analysis of an M/M/c queue with heterogeneous
servers, balking and reneging’, International Journal of Operational Research, Vol. 36, No. 3,
pp-293-309.

Wang, K-H., Wang, T-Y. and Pearn, WL. (2007) ‘Optimal control of the N policy M/G/1 queueing
system with server breakdowns and general startup times’, Applied Mathematical Modelling,
Vol. 31, pp.2199-2212.



