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Abstract: Gear skiving process is gear machining method in which skiving
cutter machines a workpiece continuously while rotating synchronously with
shaft angle. Gear skiving process is an efficient way to machine internal gears,
it has been difficult with conventional machining methods. In the previous
studies of gear skiving, a method to derive workpiece removal area from
relative motion trajectory of the tool edge surface viewed from workpiece
coordinate system is widely used in predicting tooth flank geometry. In this
study, a new calculation method of shape projection of removal area viewed
from workpiece tooth lead direction is proposed. The proposed method can
realise analysis to estimate spur and helical tooth profile. For verification, we
also developed tooth profile analysis program using Z-map model, which is
same as above method to derive removal area viewed from workpiece
coordinate system in previous studies. And we compared the result of
calculating shape projection and the result of using Z-map model. As a result,
the shape projection of removal area is close to the tooth profile of Z-map
model also the tooth profile machined under same conditions as in the analysis.
In conclusion, high-precision analysis of tooth flank geometry was achieved.
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This paper is a revised and expanded version of a paper entitled ‘Development
of precision analysis method of tooth profile in gear skiving process with shape
projection of removal area’ presented at The 25th International Symposium on
Advances in Abrasive Technology, Evergreen Laurel Hotel, Taichung City,
Taiwan, 10—13 December 2023.

1 Introduction

Gear skiving process has been attracting attention in recent years because it enables
highly efficient machining of internal gears, which has been difficult with existing
machining methods. In the previous studies of gear skiving, A method to derive
workpiece removal area from relative motion trajectory of tool edge surface viewed from
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workpiece coordinate system is widely used (Tachikawa et al., 2015; Ren et al., 2022).
Comparing the trajectory of tool edge surface to that passed just before makes it possible
to predict tool wear and cutting force by calculating the cut thickness (Jumg et al., 2020;
Onozuka et al., 2020). Despite previous research focusing on cutting force prediction and
other aspects of the gear skiving process, a method to predict tooth profile after gear
skiving process from removal area remains elusive. A method to predict tooth profile by
removal area of any tool edge surface is useful for skiving tool design. For example,
profile crowning tool, chamfering tool, and not involute curves profile tool can be
designed by the method. In addition, the method makes it possible to predict effects of
disturbances such as tool wear and mounting angle errors on the tooth profile.
CAD-based model and Z-map model are previous methods, but these methods are high
computational load because of enormous collision determinations and repeated
calculations. This study aims to establish the method to predict tooth profile after gear
skiving process in shorter time.

1.1 Specifications used in calculations

m, is normal module. Z is number of teeth. o, is normal pressure angle on the pitch
circle. B is helix angle. The subscript ‘t’ is the specification of the tool, and ‘w’ is the
specification of the workpiece.

1.2 Overview of skiving process

Figure 1 shows a schematic diagram of gear skiving. Gear skiving process is gear
machining method in which skiving tool machines a workpiece continuously while
rotating synchronously with fixed shaft angle. The skiving tool processes a workpiece
while progressing at a tool feed rate f;.

Figure 1 Schematic diagram of gear skiving (see online version for colours)
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2 Calculating relative motion of skiving tool on workpiece coordinate
system

2.1 Tool and workpiece position relationship

Figure 2 shows a schematic diagram of tool coordinate system and workpiece coordinate
system. Workpiece coordinate system (Xw, Vw, Zw) 1S set at the centre of workpiece
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rotation. An origin of z is a position where tool and workpiece are tooth aligned first. If
addendum modification is not considered, A distance L between the origin of tool
coordinate system and workpiece coordinate system, which is the difference between
workpiece axial pitch circle radius Rpy and tool axial pitch circle radius Rpy, is final
cut-in position [see equations (1), (2) and (3)]. The origin of tool coordinate system is set
at (L, 0, Z”) on workpiece coordinate system (Z” is optional z,, coordinate).

Rp, =ngt/c0s(Bt )/2 1)
Rp, =m,Z, /cos(By)/2. )
L =Rpy —Rp:. (3)

2.2 Relative motion of skiving tool on workpiece coordinate system

If skiving tool tip is on xw-axis of workpiece coordinate system (shown in Figure 2),
rotational motion of skiving tool and workpiece can be considered as a two-dimensional
motion in ywzw-plane. Figure 3 shows a relative motion of skiving tool and workpiece at
an instant when skiving tool tip passes over workpiece coordinate system xw-axis. The
skiving tool is tilted by shaft angle ¥ to mesh with normal profile of workpiece. The
relative motion of skiving tool follows workpiece lead direction. Equation (4) shows
relationship between tool helical angle and workpiece helical angle (Jumg et al., 2020).

Pu =Z—P. “

Figure 2 Schematic diagram of tool coordinate system and workpiece coordinate system
(see online version for colours)

Tool coordinate system

Equation (5) shows tool peripheral velocity Vi and equation (6) shows workpiece
peripheral velocity V.

Vi =Rp,o;. Q)

Vw =Rpyoy. (6)
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Figure 3 Schematic diagram of relative vector of tool and workpiece

Skiving tool tooth \@

) z I_l N Workpiece tooth

Equation (7) shows an equilibrium equation in tool feed direction from equations (5) and
(6). Similarly, equation (8) shows an equilibrium equation in workpiece rotation direction
(V is the relative velocity of tool edge surface as viewed from workpiece).

Veos(Byw ) = Vi sin(X) + . @)
Vy =V, cos(Z)+ Vsin (B, ). (8)

By eliminating the relative velocity V in equations (7) and (8), equation (9) shows an
equation relating angular velocity of skiving tool and workpiece.

Oy =Z/Zy, o, +2f sin(By, )/(ngW). 9

Figure 4 Coordinate transformation from tool coordinate system to workpiece coordinate system
(see online version for colours)

yw, % Zw
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In the coordinate system shown in Figure 2, relative motion of tool edge surface as
viewed from workpiece coordinate system is calculated. Figure 4 shows coordinate
transformation from tool coordinate system to workpiece coordinate system. Skiving tool
is rotating around tool coordinate system z-axis, and z-axis is tilted by shaft angle X with
zw~axis of workpiece coordinate system. Tool coordinate system is translational to (L, 0,
7”) on workpiece coordinate system and orbits around zy-axis in opposite direction of
workpiece rotation. Equation (10) shows the coordinate transformation matrix M; that
transforms from tool coordinate system (X, yi, z) to workpiece coordinate system (Xw, Yw,
Zy) (Tachikawa et al., 2015).
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cos(myt) —sin(oyt) 0 0|1 0 O L
M, = sin(wyt) cos(wyt) 0 0[O0 1 0 0 ]
0 0 1 0[/0 0 1 Z'—fit
0 0 0 10 0 O 1
(10)
1 0 0 0|/ cos(~mit) —sin(—wit) 0 0
0 cos(X) —sin(X) 0| sin(—wit) cos(—mt) 0 0
0 sin(X) cos(X) 0 0 0 1 of
0 0 0 1 0 0 0 1

3 Definition of tool edge surface

3.1 Involute curve

In the previous study, a skiving tool was defined by generating a shape with a grinding
wheel formed into rack shape (Uriu et al., 2017). In this study, a point cloud of tool edge
surface (X, yi, z) in tool coordinate system is defined as intersections of a helical gear
and rake face (the helical gear is same as target workpiece normal module), ignoring
effects of side clearance angle and front clearance angle. Figure 5 shows involute curves
constituting tool edge surface. An involute curve has a property that a tangent at any
point on the curve is orthogonal to a tangent drawn from that point to the base circle
(Ishikawa, 2022).

Figure 5 Involute curves on tool coordinate system (see online version for colours)
p p
Xt Xt w

Tool involute curve

\ 7
S N \/\Q’z
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R\ ;o
W] ‘17\ 2y
t /_/ Q-
S N VS
Vi O Yi O
Zt Zt

Equation (11) shows tool axial pressure angle on the pitch circle o, equation (12) shows
tool axial base circle radius Rb, equation (13) shows pressure angle o at any point on
involute curve, equation (14) shows an angle invo” between x-axis and a straight line
connecting any point on involute curve and the origin of tool coordinate system,
equation (15) shows range of parameter R (Ra, is tool tip circle radius).

a, =atan(tan (o, )/cos(B,)). (11)

Rb, = Rp, cos(a). (12)
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o’ =acos(Rb,/R). (13)
inve’ =tan (o) — o', (14)
Rb; <=R <=Ra; =Rp; +1.25m,,. (15)

Equations (16) and (17) shows axial involute curves in tool coordinate system.
x; =Rcos(inva). (16)
y¢ =Rsin(inva’). (17)

Equation (18) shows an amount of rotation ¢ to make tool tooth tip come on x.-axis
(Senba, 1959).

¢ =n/(2 Z;)+tan (o) — ;. (18)
Equations (19) and (20) shows axial involute curves with tooth tip on x-axis.
x; =X; cos(—@;)—y¢ sin(—¢,). (19)

y't’ =X sin (_(Pt ) + Yt cos (_(Pt ) . (20)

3.2 Helical gear

A helical gear is arranged as strings with a constant helix angle ; on axial pitch circle
(shown in Figure 6). Equation (21) shows relationship between an amount of rotation
around z-axis at each z; position and tooth width H, equation (22) shows a minute
amount of rotation around z-axis per z; position (Nakada, 1969).

0, =Htan (B, )/Rp;. (21)
do,, =tan (B, )/Rp;. (22)

Equations (23), (24) and (25) shows a point cloud of helical gear as source of tool edge
surface (Z’ is any z position).

7 =7 (23)
Xy =X cos(d0 ,Z")—y; sin(d6, ,Z"). 24)
ye =X sin(d0,,Z")+y; cos(d6,,Z’). (25)

3.3 Intersections of helical gear and rake face

Figure 7 shows intersections of helical gear and rake face in tool coordinate system
constructed by equations (23), (24) and (25). The rake face is defined by rake angle y and
mounting angle c. Equation (26) shows a vector perpendicular to rake angle inclined by
mounting angle in tool coordinate system.

(ics ji, ki) = (sin(y), cos(v), sin(c), cos(y), cos()). (26)
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Figure 6 An amount of rotation around z-axis at each z position in helical gear
(see online version for colours)

Equation (27) shows an equation of a plane perpendicular to the vector in equation (26)
and passing through coordinates of tool tip (Ras, 0, 0).

sin(y)(x —Ra, )+ cos(y)sin(c)y, +cos(y)cos(c)z, = 0. 27)

A point (X, Yin,Zea) is any point satisfying equations (23), (24) and (25). A point
(Xint1> Yinti» Zens1) satisfying equations (23), (24) and (25) has the same parameter R as
(Xtns Yims Ztn)- Zins has a distance d, from z;,. Equations (28) and (29) shows an

equation of a line connecting (X, Yin» Zon) and (Xine1, Yinsts Zonet)
(xt - X;,n )/(X;,n+l - X,t,n ) = (Yt - y;,n )/( y/t,n+1 - y/tn ) (28)

(yt - y,t,n )/( y;,n+l - y)t,n) = (Zt - Z;,n )/(Z)t,n+1 - Z;,n ) (29)

The points (x;, yi, ), which is solutions of equations (27), (28) and (29) and satisfies z,

<=7 <= Z; 441, is defined as a point cloud of tool edge surface in tool coordinate system.

4 Analysis of tooth profile by shape projection

4.1 Calculating removal area

From the coordinate transformation [equation (10)] and the point cloud of tool edge
surface [equations (27), (28) and (29)], equation (30) shows coordinates of tool edge
surface in workpiece coordinate system (Tachikawa et al., 2015).

X Xt
Yw|_ M, Yt . 30)
Zy Zt

1 1

Removal area (see in Figure 8), the area through which tool edge surface has passed
along the relative motion, can be calculated by calculating equation (30) in range from a
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time when the tool tip interferes with workpiece to a time t when it no longer interferes
with workpiece. Workpiece tooth flank can be considered as the shape of multiple
removal areas aligned in workpiece lead direction.

Figure 7 Intersections of helical gear and rake face (see online version for colours)
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Figure 8 Removal area (see online version for colours)
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4.2 Analysis method by shape projection

Figure 9 shows a method of analysing tooth profile predicted from a projected shape of
the removal area in zy-axis direction. When analysing tooth profile of helical gear by
shape projection, the tooth profile cannot be compared with the projected shape by
simply observing the removal area from zy-axis direction because tooth profile is twisted
in zy-axis direction. Therefore, the point cloud of removal area was rotated by an amount
of rotation around zy-axis for each z, position by workpiece helical angle By. This makes
it possible to align workpiece axial tooth profile and the removal area in zy-axis direction.
Equation (31) shows an amount of rotation around z.-axis by a distance in z,-axis
direction from the origin of workpiece coordinate system (Nakada, 1969).

d0y, = tan(By )/Rp. . (31
Equations (32) and (33) shows a point cloud of removal area aligned in z,-axis direction.

Xy =Xy €08(d0y ,Zy ) — vy sin(dOy 2, ). (32)

Yo = Xy 8in(d0y, 2y )+ yy cos(d0y, 2y ). (33)
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Figure 9 A method of analysing tooth profile predicted by shape projection (see online version

for colours)
| \ Xw
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4.3 A method of evaluating analysis results

Figure 10 shows a method for evaluating analysis results. The largest and smallest point
cloud in yy-direction is extracted from the projected shape of removal area. A 10th-order
approximation for each of the largest and smallest point cloud in yy-direction is derived.
A distance from R position of target workpiece axial tooth profile to the approximate
curve of the projected shape in normal direction of the R position is defined as profile
deviation (target workpiece axial tooth profile is calculated in the same way as in
equations (11)—(20) (Tachikawa et al., 2015; Uriu et al., 2017).

Figure 10 A method for evaluating analysis results (see online version for colours)

X Target workpiece involute curve
W

t

Yw | Zyw
Extract the largest and Draw each approximate Compare with involute curve
smallest point cloud curve

5 Analysis using Z-map model

5.1 Tooth profile and uncut length

Tooth profile analysis using Z-map model was performed to compare the results with
shape projection analysis results. Figure 11 shows workpiece Z-map model. Workpiece
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axial tooth profile is placed at each z,, position while rotating it by the amount of rotation
for each z, position in equation (31). An angle of x|, -axis with Xy-axis is same as the
angle of rotation according to equation (31). Uncut length (see in Figure 11) is the
remaining quantity from target tooth profile. The uncut length is defined as a vector with
the length from tooth profile coordinates to workpiece tooth tip circle in same direction as
the X, -axis at its z, position.

Figure 11 Z-map model and uncut length (see online version for colours)

4 L \\ ~»-*{"'_0-.\
\ S B

Uncut length
g

5.2 Updating uncut length

Uncut length is updated by using the point cloud of removal area for collision
determination (Figure 12). If uncut length interferes with interior of the y,z, plane at
any three points in the removal area calculated by equation (30), the intersections of
uncut length with the plane constituted by those three points is calculated. A length from
the intersections to the beginning of uncut length is defined as new uncut length. This
process is repeated until the skiving tool is completely passed through the workpiece by
tool feed.

Figure 12 Updating uncut length by using removal area (see online version for colours)

Removal area

Uncut length

5.3 A method of evaluating Z-map analysis results

Figure 13 shows an evaluation method of analysis results by Z-map model. Coordinates
of a tip of uncut length after Z-map analysis are used as tooth profile of the analysis
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result. As in the case of predicting tooth profile by shape projection, a 10th-order
approximation formula was derived for the coordinates of a tip of uncut length, and a
distance between the approximation curve and target tooth profile was defined as profile
deviation.

Figure 13 A method for evaluating Z-map analysis results (see online version for colours)

approximate
curve

6 Comparison of analysis results

6.1 Analytical specification

Table 1 shows specifications of tooth profile analysis in gear skiving process. Normal
module and normal pressure angle of target tooth profile are same as the tool
specifications. Using Table 1 specifications, equations (1)—(33) are calculated, and the
analysis is performed using the shape projection and the Z-map model.

Table 1 Specifications of tooth profile analysis

Tool specifications
Normal module mn [mm] 2.000
Normal pressure angle o [deg] 20.000
Number of teeth Z; [] 25
Helix angle (right-hand) B¢ [deg] 5.000
Mounting angle ¢ [deg] 5.000
Rake angle v [deg] 0.000
Number of points [] 1024
Target workpiece specifications
Number of teeth (internal) Zw [] 41
Helix angle (left-hand) Bw [deg] 15.000
Number of points 512
Mechanical specifications
Tool feed rate fi [mm/s] 1.333
Shaft angle X [deg] 20.000
Tool angular velocity o [rpm] 655.934

Step size of t [-] 105
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6.2 Analysis results

Figures 14 and 15 shows comparison of the analysis results obtained by shape projection
with target tooth profile, and comparison the analysis results obtained by Z-map analysis
with target tooth profile. The vertical axis is R position of target tooth profile, and the
horizontal axis is profile deviation at the R position. A point on the + side of horizontal
axis indicates that the workpiece profile is thicker than target tooth profile, and a point on
the — side of the horizontal axis indicates that the workpiece profile is thinner than target
tooth profile.

Figure 14 The result of workpiece left tooth profile analysis (see online version for colours)
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Figure 15 The result of workpiece right tooth profile analysis (see online version for colours)
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6.3 Consideration of analysis results

Figures 14 and 15 shows that the trends are in good agreement when comparing the
results of two analyses. Since the Z-map model analysis is based on actual processing, the
shape projection analysis was shown to be effective. While tool marks caused by tool
feed rate also affect tooth profile shape in the Z-map analysis, the shape projection
analysis can calculate a constant and maximum shape in the tooth profile direction
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regardless of feed rate. This makes it possible to accurately estimate tooth profile in the
skiving process analysis.

Calculation time of shape projection is 0.811 [s], and that of Z-map model is
146.387 [s]. In addition, shape projection is performed with single processing, and Z-map
model is performed with 16 parallel processing. The results show that shape projection
requires lower computational load and shorter calculation time.

7 Conclusions

e By correcting for an amount of rotation around z,-axis due to workpiece helical
angle, it is possible to estimate tooth profile with projected shape of removal area by
simply observing removal area from zy-axis direction.

e The analysis results of tooth profile estimation method using shape projection agreed
well with Z-map analysis results. And the method of shape projection can calculate a
constant and maximum shape in the tooth profile direction.

e The shape projection requires lower computational load and shorter calculation time
than a method that require enormous collision determinations and repeated
calculations.
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